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By using an approach s i m i l a r  t o  T h i r r i n g ' s  (or  e q u i v a l e n t l y ,  tc

Schwinger's source theory) , i n  which grav i  t a t i o n  wi t h  Lorentz covar i -

ance i s  i ntroduced, Bazánski ' s Lagrangian, whi ch corresponds a t  order 

c'2 t o  the Lagrangian o f  two p a r t i c l e s  wi t h  masses m ,, m2, v e l o c i t i e s  
-+ -f 
V V and e l e c t r i c  charges e 

1' 2 
e2, i s  obtained. 

Usando-se um f o r m a l i s m osemelhante ao u t i l i z a d o  por T h i r r i n g  (ou, equi- 

valentemente, à t e o r i a  das fontes de Schwinger), que considera g rav i -  

tação com covar iânc ia  de Lorentz, obtém-se a Lagrangiana de B a z á n s k i

que corresponde, em ordem àLagrangiana de duas pa r t í cu las  com 
+ -+ 

massas m,, q ,  velocidades ul, v, e cargas e l é t r i c a s  el, e,. 

INTRODUCTION 

Some years ago, Bazánski1 derived, from the equations of  general re la-  

t i v i t y ,  up t o  order c2, the Lagrangian o f  two p a r t i c l e s  wi t h  masses 
-+ + 

m m v e l o c i t i e s  V V a n d e l e c t r i c c h a r g e s e  e .  I t corresponds 
1' 2' 1' 2' 1' 2 
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t o  the gene ra l i za t i on  o f  the E ins te in ,  I n f e l d  and Hoffmann Lagrangian 

t o  the  case where one a l s o  takes i n t o  account the electromagnet ic f ield. 

Bazánskils Lagrangian i s  the sum o f  the f o l l o w i n g  terms2: 

i) T, the p a r t  which comes from the f r e e  Lagrangian, on ly ;  

i i )  VD, the p o t e n t i a l  term c o n t r i b u t i o n  t o  the Darwin Lagrangian o f  a 

system o f  two charges e ,  , e , ;  
. . . 
1 1  I )  VEIH, the p o t e n t i a l  term c o n t r i b u t i o n  t o  the E ins te in ,  I n f e l d  and 

Hoffmann Lagrangian o f  a system o f  two masses m,, m,; 

i v )  VM, the mixed g r a v i t a t i o n - e l e c t r i c  p o t e n t i a l .  

I n  the present paper, we discuss the o r i g i n  o f  these terms i n  the f r a -  

mework o f  T h i r r i n g l s  Lorentz covar ian t  theory ( ~ e f . 3 )  (o r ,  equivalen- 

t l y ,  i n  Schwingerls source theory o f  g r a v i t a t i o n 4 ) .  

Lorentz covar ian t  theor ies  o f  g rav i  t a t  ion  have been discussed by ~ i e r z ~ ,  

and i t was ~ u ~ t a ~  who suggested, i n  t h i s  framework, how one can ob ta in  

the non l inear  term, i n  the Lagrangian, s ince the energy momentum ten- 

sor o f  the grav 

The d e i t a l e d  ca 

d ing  t o  Gupta's 

i n  a way which 

t a t i o n a l  f i e l d  must a l s o  a c t  as a source o f  t h a t  f i e l d .  

c u l a t i o n  o f  the non l inear  term, up t o  order  G', accor- 

p rograme,  was made by ~ e ~ n m a n ~ ,  who solved the problem 

s both cons is ten t ,  and mathemat ical ly  general .  

A more phys ica l  approach, t o  the nonl inear  term, due t o  ~ h i r r i n ~ ~ ,  i s  

however, i ncons i s t e n t .  A cons i s t e n t  treatment , whi ch makes use o f  

Thi r r i n g ' s  approach, was presented a few years agos. I t was shown 

t h a t  the problem o f  

Feynman and Gupta, 

I n  Sect ion 1 ,  we wr 

sence o f  the T term 

ob ta in ing  the non l inear  term, i n  the procedure o f  

s very much s i m p l i f i e d ,  i n  the s t a t i c  l i m i t .  

t e  down ~ a z á n s k i  ' s  Lagrangian, and j u s t i  f y  the pre- 

I n  Sect ion 2 ,  we discuss the Darwin term VD, and, 

i n  Sect ion 3, the l i n e a r  p a r t  o f  the E ins te in ,  I n f e l d  and Hoffmann 

term, VEIH. We consider, i n  Sect ion 4, the non l inear  p a r t  o f  VEIH , 
and f i n a l l y ,  i n  Sect ion 5, we ob ta in  the mixed term, v ~ .  



I n  d iscussing the l i n e a r  p a r t  o f  VEIH, we c lose l y  f o l l o w  unpublished 

ma te r i a l  of one o f  us9. A discussion i n  the same 1 ines i s  presented i n  

a more recent paper by Cho and ~ a s s l ' .  These l a s t  authors a l so  discuss 

the nonl inear  term, o f  VEIH, according t o  the source theory 4,  and, be- 

s ides,  i n  c r i t i c i z i n g  Schwinger's ca l cu la t i on 4,  they c a l c u l a t e  t h a t  

term a long the same l i nes .  They assume, s i m i l a r l y  t o  the case o f  the 

electromagnet ic f i e l d ,  t h a t  the t race  o f  the energy-momentum tensor , 
f o r  the g r a v i t a t i o n a l  f i e l d ,  i s  n u l l .  Unfor tunate ly ,  t h i s  i s  no t  cor -  

r e c t  i n  the contex t  o f  the Feynman-Gupta procedure. The p o i n t  i s  t h a t  

the tensor i s  t race less  f o r  f r ee  g r a v i t a t i o n a l  f i e l d s ,  t h i s  no t  being 

the case f o r  f i e l d s  produced by sources.This i s  discussed i n  our Appen- 

d i x ,  where we w r i  t e  down the g r a v i t a t i o n a l  energy-momentum tensor which 

i s  obtained i n  the Feynman-Gupta procedure. 

I n  Sect ion 4, we a l s o  mention the d i f f i c u l t y  i n  ob ta in ing ,  i n  Schwin- 

-ger ls approach4"0, the non l inear  term o f  VEIH. This term i s  o b t a i -  

ned, here, i n  a cons is ten t  way by means o f  the equations o f  motion f o r  

a t e s t  p a r t i c l e  i n  the f i e l d  o f  another. 

I n  Sect ion 5, the mixed term, V which measures the e f f e c t  o f  the 
M '  

electromagnet ic f i e l d  on the g r a v i t a t i o n a l  i n t e r a c t i o n ,  i s  obtained i n  

a very simple way. Apart from the discussion o f  the mixed term, a good 

deal o f  the ma te r i a l  presented i n  t h i s  paper i s  found i n  the above men- 

t i oned  references. We have chosen, however, t o  go over i t i n  great  

d e t a i l ,  i n  o rder  t o  g i ve  a u n i f i e l d  and se l f- conta ined presenta t ion  o f  

the subject ,  f r e e  o f  in terna1 incons is tenc ies .  

Bazánski 's Lagrangian, fo r  two p a r t i c l e s  o f  masses ml, m,, charges e l ,  
-+ -+ 

e,, v e l o c i t i e s  v , ,  v,, can be w r i t t e n  as (Ref.2) 



whe r e  

-+ -+ + -+ 
where .r = /r, - r2 1 ,  and n i s  the uni  t vec tor  a long r - r . 

1 2  

We r e c a l l  t h a t  the f ree  Lagrangian, f o r  a p a r t i c l e  o f  mass m and velo-  
-+ 

c i t y  v ,  i s  g iven by 

up t o  order  This j u s t i f i e s  the expression f o r  T g iven i n  E q . ( 2 ) .  

2. THE DARWIN TERM 

Due t o  the  e l e c t r i c a l  na ture  o f  the p a r t i c l e s  involved,  we have t o  add, 

t o  our  f r ee  Lagrangian, the term: 



where j i s  the  electrornagnetic cur rent ,  and A the electromagnet ic p- 
1-i IJ 

t e n t i a l ,  which s a t i s f i e s  the equat ion o f  m t i o n  

471 A , =-  c j v  * 

t +  w i t h  = 3: - 3' , and j A' = j o A o  - J . A . , 
The s o l u t i o n  o f  ~ q . ( 6 ) ,  w i t h  the usual boundary cond i t ions ,  i n  the  Lo- 

r e n t r  gauge, a", = O, can ba w r i t t e n  as 

1 
A,(x) = \ d4xr Gret(x,xr) ju(sf) , 

where Gret i s  g iven by 

Let  us now rnake a se r i es  expansion, i n  c-', f o r  G~;~(X,X'): 

e 
Subst i  t u t i n g  Eq.  (7) i n t o  Lint(x), we obta i r i  the f o l  lowing cont r ibu-  

t i o n  f o r  the ac t i on :  

where we have d i v i ded  by 2 because o f  the symrnetry i n  x,xt 



We now have: 

Neglect ing the sel f- energy terms, w e o b t a i n ,  by i n t roduc ing  E q . ( l l )  

i n t o  Eq .  ( lO) ,  

I f  we now introduce the f i r s t  term o f  Eq.(9) i n t o  Eq.(12), we o b t a i n  

the f o l l o w i n g  c o n t r i b u t i o n  f o r  qnt: 

The second term i n  Eq. (91, when subst i  t u t e d  i n t o  Eq. (12),  g ives a  con- 

t r i b u t i o n  o f  the order  whi l e  the t h i  r d  term o f  Eq. (91, because o f  

the f o l l o w i n g  i d e n t i t y ,  

e  
gives f o r  S int , up t o  order  , 



where use was made o f  the i d e n t i t y  which fo l lows:  

Adding ~ q s . ( l 4 )  and ( l 6 ) ,  we ob ta in  

s y n t = - \ V D &  . 

l n  t h i s  may, we have j u s t i f i e d  the appearance o f  (-vD) given by Eq. (3) .  

3. THE LINEAR PART OF THE EINSTEIN-INFELD-HOFFMANN LAGRANGIAN 

Let us now study the g r a v i t a t i o n a l  i n t e r a c t i o n  o f  the p a r t i c l e s g .  The 

grav i  t a t i o n a l  f i e l d  wi 11 be described by a second order symrnetrical 

tensor Q f o r  which we assume the Hi l b e r t  c ~ a u c ~ e ~  t o  hold :  w ' 

The source o f  the grav i  t a t i o n a l  f i e l d  wi 11 be the energy-momentum ten- 

sor,  T which i s  symmetrical, and w i t h  a fou r  diverqence e q u a l  t o  uv' 
zero: #'Tvv = 0. 

For convenience, we wi 1 1  take the f ree Lagrangian densi ty, o f  the gra- 

v i t a t i o n a l  f i e l d ,  o f  the forme: 



whi le  the in te rac t ion  term wi11 be given by 

P 
where T" i s  the energy-momentum tensor o f  the p a r t i  cles, whi ch are the 

sources o f  the gravi  ta t iona l  .f i e l d .  We have3: 

G G 
The equations o f  motion corresponding to  L, + Lintare: 

The sol u t ion  o f  Eq. (22), wi t h  the usual boundary condi t ions, consistent 

w i t h  the H i l b e r t  condit ion, ~ ~ . ( l 7 ) ,  i s :  

where Gret(x,xf) i s  given by Eq.(8). Introducing (23) i n t o  Eq.(l9),we 

obta in  the f o l  lowing con t r ibu t ion  f o r  the act ion, a f t e r  use o f  Eq. (20) : 



whe re 

the indices 1 and 2.denoting the corresponding par t i c les .  The l a s t  

terrn, o f  Eq. (24) , was divided by 2 because o f  the x,x' syrfnnetry. 

We have, a t  the order G': 

Eq. (24) gives, therefore, 

I t  holds: 

Introducing the f i r s t  term o f  Eq.(9) i n t o  Eq.(28), and using Eq.(29), 

we obta in  the f o l  lowing cont r ibut ion f o r  s : ~ ~ ,  UP t o  order c-,: 



I n  a s i m i l a r  way as before, the second term o f  Eq. (9) when introduced 

i n t o  Eq.(28) gives a c o n t r i b u t i o n  o f  o rder  wh i l e  the l a s t  term o f  

Eq.(g), when subs t i t u ted  i n t o  Eq.(28), gives, by an argument s i m i l a r  

t o  t h a t  used i n  the l a r t  Sect ion,  the f o l l w i n g  c o n f r i b u t i o n  f o r  sfnt: 

Eqs. (30) and (31), together,  reproduce the 1 Inear terms, i n  G, o f  VEIH, 

i n  Eq.(4). 

4. THE NONLINEAR PART OF THE EINSTEIN-INFELD-HOFFMANN LAGRANGIAN 

Let us now discuss the l a s t  term o f  (-VElH), i n  Eq. ( h ) ,  which i s  qua- 

d r a t i c  i n  G. I n  lowest order, the equat ion o f  the g r a v i t a t i o n a l  f i e l d  

produced by a p a r t i c l e  was given by Eq.(21), namely, 

P 
where T i s  the energy-momentum tensor o f  the p a r t i c l e .  We wi 1 1  now 

uv 
assume t h a t  the exact  g r a v i t a t i o n a l  f i e l d  equat ion has a form s i m i l a r  

P 
t o  ( ) 2 ) , w i t h  J U v r e p l a c i n g T  ~ J V  ' on t h e r i g h t h a n d s i d e o f  E q . ( 3 2 ) .  

Here, J i s  the t o t a l  energy-rnomentum tensor,  p a r t i c l e  p lus  grav i  ta-  
UV 

t i o n a l  f i e l d :  

where the cond i t i on  2' J = O should be s a t i s f i e d .  
UV 

P 
The zeroth order  i n  f, f o r  J i s  T I n  order  t o  obta in ,  i n  a per-  uv' uv. 
t u r b a t i v e  treatment, the next  h igher  order  term i n  f ,  f o r  J we s b u l d  

P uv ' 
add, t o  Tuv, the energy-momentum tensor o f  the grav i  t a t i o n a l  f i e l d  . 



The canonical energy-momentum tensor wh ich  corresponds t o  Eq. (18) i s  

g iven by: 

P C - B o t t i T  a n d T  are  symmetric, bu t  
I.iV lJV 

I n  order  t h a t  the corresponding divergence should vanish, we must add 

the " in te rac t  ion  tensor" 3 :  

where, up t o  order  f2, we have8 

P 
( T~~ + 3"' + ;"v ) = o . 

91-i 

(37)  

We can a l ç o  add, t o  the above expression, the sp in  energy-mornentum 
S 

tensor o f  the f i e l d ,  T", which w i l l . symmetr ize  the expression i ns ide  

the parenthesis o f  Eq. (37) (because iiiv i s  no t  symmetric), and which i s  

d ivergence l les .  We add a symmetric term, tu', o f  the form8: 

which does not  con t r i bu te  n e i t h e r  t o  the energy-momentum tensor, nor 

t o  the t o t a l  angular momentum, the f o l l o w i n g  r e l a t i o n  be ing s a t i s f i e d :  



C s i 
AS TV", Tu" and TV", t o  the order f2, are quadratic functions o f  the 

f i e l ds  w i th  two der ivat ive operations, we sha l l  assume f o r  5'" 

the same property and, therefore, M ' ~ ~ ~  wi 1 1  be constructed only w i th  

the help o f  quadratic expressions i n  $ wi thout der ivat ives (gene- 
aB7 

t a l  expressions are found i n  Ref . 8 ) .  

We, therefore, take 

As we want t o  work i n  the lowest order i n  G', we s h a l  1 consider a 

source p a r t i c l e  o f  mass M, a t  res t  a t  the o r i g i n .  We, then, have: 

P M C ~ , ~ O ~ ~ = V = O ,  T =  
O , otherwise , 

and the so lu t ion o f  Eq.(21) i s 3  : 

w i th  6 = 6 - 1 .  
0 0  ii- 

In  t h i s  case, i t  i s  convenient t o  introduce new f i e l d s 3  by 

- 1 
@,Jv - +pv - 7 * 

which, because o f  ~ q .  (42) ,  gives f o r  @ i n  lowest order w' 

Eq.(33) can be rewri t ten  i n  the form 

O@,Jv = f JlJV 



o r  a l s o  as 

I n  f i r s t  o rder  i n  f, we have 

n ('1 - x p) = f ( ~ ~ ~  - - O (+,v 2 %v T I ,  
and, w r i t i n g  

we have, because o f  Eqs. (46) and (47). 

whe re 

f 
As T i s  quadrat ic  i n  the f i e l d  r (and i n  the order we are working 

uv  ~ B P  
r) on, we can subs t i t u te ,  i n  E q . ( 3 6 ) ,  flpa by a($,,-Eil,)), i t  so 

G G happens t h a t  i f  we add, t o  L, + li"? , a term Z713) (cubic i n  the 
...- 

%B f i e l d s ,  and which we assume t o  conta in  two d e r i v a t i v e  opera 

on l y ) ,  then the Eqs. (50) are the Euler equations f o r  the t o t a l  

grangian Lf + + F ( ~ ) .  (For more d e t a i l s ,  see ~ e f . 8 ) .  

Therefore, the  Euler equations read now as: 

t ions 

La- 



and, hence, 

I n  a pe r tu rba t i ve  treatment, the most important  term i n  F ( ~ )  has the 

form (w i th  I 

i n  the  s t a t  

a parameter t o  be de termi ned) : 

c approximation. 

Then, E ~ .  (54) g ives,  f o r  I - i = b O ,  

a f  t e r  use o f  Eq. (44) . 
S 

I f  we introduce,  i n  (as given i n  Ref.81, the s t a t i c  s o l u t i o n  Eq. 
Fiv 

(42), we ob ta in :  

S S 

T = T . .  = O ,  
O 0  22 

w h i l e  the use o f  Eqs. (341, (32) and (36) g ives us 



and, there fore ,  

C I 

Let  us note t h a t  the t race T + T # O . I t  on ly  vanishes f o r  f r ee  gra- 

t a t  

n  ce 

b i t  

onal f i e l d s .  

t o , - (1 /2 ) t  i s  quadra t ic  i n  @ w i t h  second de r i va t i ves ,  and ex- 
aB' 

ng r o t a t i o n a l  invar iance,  i t has t o  be o f  the  forrn 

where B i s  a  constant t o  be deterrnined. 

In t roduc ing ~ ~ s . ( 6 0 )  + Eq.(61) i n t o  ~ q . ( 4 9 )  ( f o r  ~ = v = o ) ,  we ob ta in  

whi ch, cornpared w i  t h  Eq. (56) , gives 

1 B = - B = - .  
2 

Therefore, Eq.(56) gives the s o l u t i o n  

where &-+O+ . The f i  r s t  term o f  Eq. (64) can be absorved i n  the Newto- 

n ian  p o t e n t i a l ,  and, there fore ,  



( 3 )  G2?4 
f r,, (3 = - - , 

c 4 r 2  

+ 
r = l x l .  i f  we take the coriesponding l i n e  element i n  the s t a t i c  appro- 

-f 

x imat ion (v=O), we have3 , then, 

and, therefore,  by using Eqs. (42) and (66), we ob ta in  f o r  the a c t i o n  

corresponding t o  a p a r t i c l e  o f  mass m, i n  the g r a v i t a t i o n a l  f i e l d  pro- 

duced by a mass M, a t  a distance r, the expression 

GM G ~ M ~  s = - m e 2  I ( 1  --  +- i . . .  1 dt . 
m c 2 r  2c4r2  

S im i la r l y ,  the p a r t i c l e  o f  mass M, i n  the f i e l d  o f  a p a r t i c l e  o f  mass 

m, i s  described by the ac t i on  ( i n  the s t a t i c  approximation): 

Denoting, now, rn and M by m, and m,, respect ive ly ,  the force which 

ac ts  on the p a r t i c l e  m l ,  coming from the nonl inear term o f  Eq.  (691, i s  

wh i l e  the corresponding force,  on p a r t i c l e m  i s ,  because o f  Eq . (70 ) ,  
2 '  

g iven by 



I t í s  t ransparent t ha t  the l a s t  term o f  Eq. (4) g ives r i s e  t o  the same 

forces. 

Let  us observe that ,  i t  fo l tows, from Eqs.(55) and (631, 

which upon use o f  Eq. (44), f o r  two p a r t i c l e s  wi th masses ml and m,, a 

distance r apart ,  namely, 

g i v e s  r i s e  to 

which i s  exac t l y  tw ice the l a s t  term i n  Eq.(4). 

I n  a s i m i l a r  way as before, i f  we subs t i t u te ,  i n t o  fl N , ~ ,  the solu-  
Fiv 

t i o n  o f  ~ q .  ( 3 3 ) ,  wi t h  J'" the t o t a l  energy-momentum tensor, we ob ta in  

the a c t i o n  which f o l  lows 



where we have, again, d i v i ded  by 2 because o f  the s y n e t r y  i n  x,x'. 

P  f P 
W r i  t i n g  J =T +T where T i s  g iven by  E ~ .  ( Z ) ,  we obta in ,  f o r  the 

Iiv Iiv Iiv' Fiv 
non l inear  term, i n  the  s t a t i c  l i m i ê ,  

1 f 
~ G C - '  d4xd4x' Gret (x,xt) ( x )  - X . (74b) 

f f 
Now, T ~ ~ ( X ' ) - ( ~ / ~ ) T ( X ' )  i s  the sum o f  Eqs.(60) and (61), w i t h  B=1/2 . 
In t roduc ing i t  i n t o E q . ( 7 4 ) , w e o b t a i n ,  i f w e u s e  Eq.(72), a  r e s u l t  

which d i f f e r s  f rom the l a s t  term o f  Eq.(4). 

The'conclusion i s  t h a t  a  cons i s ten t  way f o r  ob ta in ing  the non l inear  

term o f  VEIH i s  through the equations o f  motion (70 ' )  and (70" ).  

5. THE MIXED TERM 

Let us now discuss the l a s t  term V,,, g iven by Eq. (51, o f  the Lagran- 

c~ ian(4) .  As a source o f  the g r a v i t a t i o n a l  f i e l d  $ we s h a l l  a l s o  con- 
,,v' 

s i de r  the electromagnet ic energy-momentum tensor c o n t r i b u t i o n  t o  the 

r i g h t  hãnd s ide  o f  Eq. ( 3 3 ) .  The corresponding c o n t r i b e t i o n  t o  the gra- 
P  

v i t a t i o n a l  f i e l d  i s g i v e n  by Eq. ( lg ) ,where ,  t o T U V , T  t h e p e r t i n e n t  
lJv ' 

electromagnet ic energy-mmentum tensor,  has t o  be added. 

Therefore, we o b t a i n  the f o l l o w i n g  c o n t r i b u t i o n  f o r  the re levant  p a r t  

o f  the ac t i on :  



P 
I n  the s t a t  ic approximation, onl  y  the component T~~ (x) does con t r i  bu- 

e 3 
t e  t o  Eq. (75), and since ToO (;)=(1/8~)8~ (z) and T(z)= O ,  we have, using 

only the f i r s t  term o f  Eq.(9): 

3 
in tegrat ing i n  xf, t f  and using ~q . (20) ,  we obtain:  

Performing a  par t ia1  in tegrat ion,  we can w r i t e  

and in tegrat ing,  again by par ts ,  the f i r s t  term ins ide the cur l y  brackets 

o f  Eq. (771, i t f o l  lows 



3 
Af te r  in tegrat ing i n  x, we obtain,  apart  from renormal i za t i on  e f f ec t s  

t o  the t o t a l  energy, o r  t o  the Coulomb and Wewtonian in teract ions,  exac- 

t l  y the resul t expressed by Eq. (5) .  

We have, i n  t h i s  way, reproduced a1 1 the terms present 

Lagrangi an. 
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APPENDIX 

I n  t h i s  appendix, we w i l l  discuss, i n  more de ta i l ,  the Feynrnan - Gupta 

approach, i n  order t o  derive both the term, F"), appearing i n  Eq.  (521, 

and which has been added t o  our Lagrangian density, and the correspon- 

ding expression f o r  the g rav i ta t iona l  f i e l d  energy-momentum tensor, the 

source o f  the f i e l d ,  i n  order f
3

.  



L e t  us r e c a l l  t h a t  o u r  Lagrangian dens i t y  was w r i t t e n  i n  the form: 

G P1-iv 
where L represents the  f r e e  p a r t  f o r  the  p a r t i c l e s ;  Lint = f l vVT  

P L! was taken o f  the  fo rm 

The conserved energy-momentum tensor  o f  the  system i s  

P  C 

where T represen ts  the energy-rnomentum o f  the p a r t j c l e s ;  T 
uv  I 

S l-iv 
,lVY 'Beca; 

non i ca l  energy-mornentum o f  the  g r a v i t a t i o n a l  f i e l d ;  T equals -2Tuc,$V 

and a r i s e s  frorn the  i n t e r a c t i o n ;  f i n a l l y ,  T  i s  t h e " ~ p i n p a r t ~ ~  con- 
1-iv 

t r i b u t i o n  which a r i s e s  f rom the  sp in- 2  cha rac te r  o f  the  g r a v i t a t i o n a l  

f i e l d .  We have a l s o  assumed the  H i l b e r t  c o n d i t i o n ,  namely, 

(A. 4) 

1-i Expression ( ~ . 3 )  s a t i s f i e s  a T = 0 ,  and i s  symmetr ica l ,  be ing  there -  
1-iv 

f o r e  a  se r i ous  cand ida te  f o r  the source o f  t h e  g r a v i t a t i o n a l  f i e l d ,  ir; 

o r d e r  f 3: 

As we s h a l l  see, i t  i s  i n c o r r e c t  t o  i d e n t i f y  J o f  Eq.(A.5), w i t h  Tpv 
W' 

o f  Eq.(A.3). F i r s t ,  we s h a l l  d e f i n e  the  express ion  



which i s  given by8 

f ( i )  = 6 B 
*,v I,, " B  -(Ia,, Iav;@ + ta vy;) 

I P 
i n  T , we have substi tuted f T by (Iua- 2-Q ) which i s  a l l a a d  ,v ,a 
a t  th is  order.  

M o r e g e n e r a l l y , w e s h a l l  w r i t e ,  f o r J  which i s  thesource  o f  Eq. 
,v' 

( A . 5 1 ,  

J,,, = TV,, + t ,v ' ( A .  8) 

where t should s a t i s f y :  a Y t p V  = 0 ,  tpv = t and would not change ,v VFi ' 
the t o t a l  angular momentum, as wel 1 . Therefore, i t i s  o f  the forma : 



Fol l a r i ng  the Feynman-Gupta procedure, we add t o  ( ~ . 1 )  a term, F"), o f  

t h i r d  order i n  JIaB, and fourth order i n  f, which possesses two f i  r s t  

der ivat ives. We have, i n  t h i s  way, 

The general f o rn  o f  F ( ~ )  can be taken as 

14 

(A. 12) 

We have, e.g., 

= X3 - X, + X1 + a four divergence, 

U I~~UI '@ ' ' J I~~  *o = X l  O - Xl 2+ X4 + a four  divergence. 

Comparison o f  Eqs.(A.5), (A.8) and (A.12) gives 

s d 3 )  P - -  - - f(Jpv - TuV) = f(Tuv ( )  + t !JV 1, (A. 15) 
6$" 



f 
w i t h  T ( ' )  g iven by Eq.(A.6), and t by Eqs.(A.g), (A.10), (A.11). w I-iv 

Using Eq.(A.4), Eqs . (~ .15 )  can be w r i t t e n  as 1 inear  cornbinations o f  21 

tensors 2 
UV ' 

The c o e f f i c i e n t s  ck and % are given i n  Table I .  The 21 equat ions:  

can be solved, and g i ve  

we obta in ,  m k i n g  use of Eq. (A.18) and Table I :  

(A. 19) 

(A. 20) 



f 
l t  i s  simple t o  show t h a t  the t race  o f  4 + t  is .  zero f o r  f r ee  i'ields, 

I.iv ,v 
wh i l e ,  f o r  a s t a t i c  source, the corresponding t race does not  vanish. 

I t  i s  no t  c l ea r ,  t o  us, what are the r igorous arguments one could use 

i n  order  t o  obta in ,  from an expression 1 i ke  Eq. (74a), the co r rec t  non- 

l i n e a r  term which appears i n  Eq.(4). 

TABLE I 



TABLE I (cont.) 
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