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1. INTRODUCTION 

E l e c t r o s t a t i c  e l e c t r o n  containment was proposed, i n  1963, by Herb, 

Pauly and Fi  sher'  us ing a  device c o n s i s t i  ng essen t i a l  l y  o f  a  c y l  i n d r i  - 
ca l  condenser, where the ou te r  cy l i nde r ,  the cathode, i s  grounded and 

the inner  cy l i nde r ,  the anode, i s  kept  a t  a  p o s i t i v e  potential,common- 

l y  o f  the order  o f  103v. Electrons are in jec ted,  i n  the region between 

the cy l i nde rs ,  by a  f i lament  geomet r ica l ly  arranged i n  such a way t h a t  

an appreciable p ropo r t i on  o f  the e lec t rons  leave the i n j e c t o r  region,  

w i t h  s u f f i c i e n t  angular momentum t o  avo id  h i t t i n g  the anode. The f i -  

lament i s  maintained a t  a  p o s i t i v e  b ias  f o r  t he  e lec t rons  t o  be repe l -  

led  by the  cathode and end p la tes .  This device was ca l  l e d  an c r b i  t ron,  

and proposed both as an i o n i z a t i o n  gauge2 and an i c n  vacuum pump3. The 

a t t r a c t i v e  fea tu re  o f  o r b i  t rons  i s  the l a rge  mean f r e e  path obtained 

f o r  the e lec t rons :  i n  a  conta iner  o f  1.2 cm cathode radius,  0.08 cm 

anode radius and 5 cm he igh t ,  e l e c t r o n  mean f r e e  paths o f  103 cm are 

reportedl. 

The advancement on the cons t ruc t i on  and performance o f  opera t iona l  am- 

p l i f i e r s  and the ease o f  cons t ruc t i on  o f  conventional i o n i z a t i o n  gau- 

ges have g r e a t l y  con t r i bu ted  t o  d imin ish  the concern f o r  the o r b i  t r o n  

as a  vacuuni gauge. On the o the r  hand, i t s  use as a  vacuum pump has 

been s tab l  ished4 due to  i t s  lower power consumption and f a c i  1 i t y  o f  i t s  

cons t ruc t i on  as compared w i t h  conventional magnet ica l ly  con f i n ing  de- 

v ices f o r  ge t te r - ion  pumps. As a  pump, the performance o f  an o r b i  t r o n  

improves the l a rge r  as the t o t a l  space charge i s  increased and i t s  dis- 

t r i b u t i o n  more u n i f o r m i l y  d i s t r i b u t e d  i n  space. This f a c t  leads na- 

t u r a l l y  t o  the study o f  the space charge d i s t r i b u t i o n ,  both from the 

t h e o r e t i c a l  as w e l l  as experimental, po in t s  o f  view. 

The e a r l i e s t  t h e o r e t i c a l  desc r i p t i on  o f  the  o r b i t r o n ' s  e l e c t r o n  densi- 

t y  was given by ~ o o v e r m a n ~  as a  superposi t i o n  o f  non in te rac t i ng  charge 

p a r t i c l e  o r b i t s  i n  a  l oga r i t hm ic  p o t e n t i a l .  I n  h i s  desc r i p t i on ,  i t  

was assumed t h a t  the e lec t rons  moved i n  p lane o r b i t s ,  perpendicular  t o  

the a x i s  o f  the o r b i t r o n ,  which s lowly  d r i f t e d  i n  the a x i a l  d i r e c t i o n .  

Under these assumptions, one i s  able t o  conclude, a f t e r  i n v e s t i g a t i n g  

the geometry o f  the o r b i  t s ,  and assuming a  sharp d i s t r i b u t i o n  i n  angu- 



l a r  mornentum, t ha t  the r a d i a l  d i s t r i b u t i o n  o f  the e l e c t r o n i c  chargehas 

two maxima corresponding roughly t o  the apogees and perigees o f  the 

plane o r b i t s .  This has been the major conclusion o f  Feaks e t  aZ6. . 
Cont inuing i n  a sornewhat s i m i l a r  reasoning, ~ e i c h e l b o h r e r ~  has discus- 

sed the e f f e c t  on the charge dens i ty  o f  d i f f e r e n t  v e l o c i t y  d i s t r i b u -  

t i o n s  a f t e r  the e lec t rons  leave the i n j e c t o r  region.  He showed t h a t  

the e l e c t r o n i c  d i s t r i b u t i o n  i s  s t rong l y  dependent on assumptions made 

f o r  the a x i a l  v e l o c i t y  as w e l l  as f o r  the angular momenturn d i s t r i b u t i -  

i n t r o d u c t i o n  o f  a spread i n  the a x i a l  ve loc i -  

r i n g  the e l e c t r o n i c  charge d i s t r i b u t i o n  near 

l y  e1 im ina t i ng  the outer  peak shown by the 

ons. I n  p a r t i c u l a r ,  the 

t y  had the e f f e c t  o f  lowe 

the cathode, and eventual 

previous authors5.  

D i r e c t  measurement o f  the e l e c t r o n i c  charge d i s t r i b u t i o n  i s  a d i f f i c u l t  

task,  and so f a r  has not  been reported.  Cybulska and ~ o u ~ l a s '  have 

got ten  evidences f o r  the e l e c t r o n i c  charge d i s t r i b u t i o n  by measuring 

the energy spectrum o f  posi  t i v e  ions t h a t  reach the cathode, f o r  ' low 

pressures, and small e l e c t r o n i c  t o t a l  charge. 

-+ -+ 
Let  us c a l l ,  f(r,p), the s i n g l e  p a r t i c l e  d i s t r i b u t i o n  func t i on  i n  pha- 

se space, and l e t  us suppose no t o  be the densi t y  o f  neu t ra l  gas i n s i -  

de the o r b i t r o n .  The y i e l d ,  d T / d Q ,  o f  ions per u n i t  volume, and t ime, 

can be w r i  t t e n  as 

where v i s  the speed o f  the e l e c t r o n  and a the  i o n i z a t i o n  cross sec- 

t i o n  f o r  the neu t ra l  gas under cons idera t ion .  de are assuming the gas 

atoms t o  have n e g l i g i b l e  speed as compared w f t h  the e l e c t r o n  s p e e d , ~ .  

Def i n i n g  

and 

n (r') = -eu d 3 p f  i 



-r 
where n ( r )  i s  the e l e c t r o n  space charge d i s t r i b u t i o n ,  we have: 

F ig .  1 shows schematical l y  the arrangement o f  the d i f f e r e n t  p a r t s  o f  an 

o r b i t r o n .  Cybulska's measurement o f  the i o n  cur rents  were r e s t r i c t e d  

t o  the reg ion o f  the o r b i t r o n  which i s  d i s t a n t  from the f i lament  t o  

d imin ish  the e f f e c t  due t o  the c o l l e c t i o n  o f  pr imary e lec t rons .  I n  the 

cen t ra l  zone, we may assume the e l e c t r o s t a t i c  f i e l d  t o  have c y l i n d r i -  

ca! symmetry, and if we f u r t h e r  assume the ions t o  be produced w i t h  

n e g l i g i b l e  k i n e t i c  energy, the energy o f  the i on  h i t t i n g  the cathode 

can oe equated t o  the e l e c t r o s t a t i c  p o t e n t i a l  energy acquired by the 

i o n  a t  the moment o f  i t s  i o n i z a t i o n .  Therefore, the ions h i t t i n g  the 

cathode, wi t h  energy between E and E + dE,  come from the volume dS2 = 

2.rrrZd.r o f  the c y l i n d r i c a l  s h e l l  o f  rad ius  r, length I, o f  the  cen t ra l  

zone, where the p o t e n t i a l  ~ ( r )  s a t i s f i e s  e ~ ( r )  = E. We have, therefore,  

Using Eq. (1.41, one obta ins :  

One sees from Eq. (1.6) t ha t  the measurement o f  dI/dE i s  d i  r e c t l y  re la-  
-+ 

ted t o  n ( r ) .  The p o t e n t i a l  ~ ( r )  may be considered l oga r i  thmic i n  the 

l i m i t  o f  very low e l e c t r o n i c  charge i n  the i n t e r i o r  o f  the o r b i t r o n  , 
and there fore  known and c o n t r o l  l ed  by the experimental setup. On the 

o ther  hand, <ov> i s  s e n s i t i v e  on the model assumed f o r  the e l e c t r o n i c  

d i s t r i b u t i o n  i n  phase space. This f a c t  makes i t  d i f f i c u l t  the i n t e r -  

p r e t a t i o n  o f  Cybulska's measurement as the der ived space charge i s  mo- 

de1 dependent. 

I n  t h i s  paper, we w i l l  discuss the t h e o r e t i c a l  background t h a t  l e d  t o  
-+ + 

the deterrnination o f  f ( r Y p ) ,  and we consider one model f o r  the e x p l i -  

c i t  c a l c u l a t i o n  o f  f(;,G) which d i f f e r s  s u b s t a n t i a l l y  from the previous 



considerat ions o f  Hooverman, Feaks and Deichelbohrer. This m d e l  i s  

app l i ed  t o  the i n t e r p r e t a t i o n  o f  Cybulska's experiment. 

2. THEORETICAL CONSIDERATIONS 

Let  us consider e lec t rons  i n t e r a c t i n g  w i t h  an e x t e r n a 1  p o t e n t i a l  

'ext 
( r ) ,  and among themselves by the i  r Coulomb in te rac t i ons .  The - 

p a r t i c l e  Hami l tonian can be w r i t t e n  as 

-+ 
where r = /;i - rjl. i j 

The e v o l u t i o n  i n  t ime o f  the N- par t ic le  system can be descr ibed by the 
-+ + + -+ 

d i s t r i b u t i o n  f u n c t i o n  fN(pl ,..,, pN ,rl ,..., r ,t ) which s a t i s f i e s  N 
L iouv i  1 l e ' s  equat ion

g 

The one- and two- pa r t i c l e  d i s t r i b u t i o n  func t ions  are def ined as: 

Taking i n t o  cons idera t ion  the f a c t  t h a t  H involves s n l y  one- and two- 

p a r t i c l e  i n te rac t i ons ,  and fN i s  symnetr ic  w i t h  respect t o  exchange o f  

p a r t i c l e s ,  one e a s i l y  ob ta ins  



We now make the independent p a r t ' i c l e  approximation, w r i t i n g  

from where, we ob ta in ,  s u b s t i t u t i n g  Eq. ( 2 . 5 )  i n t o  Eq .  ( 2 . 4 )  : 

whe re  

+ 
We observe tha t  n(r , t )  i s  the e l e c t r o n i c  charge densi t y ,  and V ( $ & )  

the se l f - cons i s ten t  e l e c t r i c  p o t e n t i a l ,  t h a t  i s ,  the externa1 e  l e c -  

t r o s t a t i c  f i e l d  V ($) t o g e t h e r w i t h  the f i e l d p r o d u c e d  by a l i  the 
e x t  

o ther  e lec t rons  on the e l e c t r o n  under cons idera t ion .  Eq. ( 2 . 6 )  i s  a  

p a r t i c u l a r  case o f  Vlasov's equat ion f o r  plasmas10. 

Let  us def ine  the s i n g l e  p a r t i c l e  Hami l tonian by 

Then, E q . ( 2 . 6 )  can be w r i t t e n  as 

af, ah af, ah af, - + -  ' - - - . - -  - o ,  
at a; al; a$ a; 

, which i s  L i o u v i l l e ' s  equat ion i n  the s i n g l e  p a r t i c l e  phase space 

250 



We w i  1 1  now discuss the poss ib le  so lu t i ons ,  f o r  E ~ .  (2.101, which des- 

cr ibes  the o r b i t r o n ' s  space charge. Let us begin observing tha t  the 
-+ -+ 

dependence o f  ~ ( r , t ) ,  on fl(G,P,t), g iven by Eq.(2.8), makes Vlasov's 

equat ion non l inear .  I f  q ,  i s  the charge per u n i t  o f  length i n  the 

anode, f o r  main ta in ing  the e l e c t r o s t a t i c  f i e l d  i n  the absence o f  space 

charge, and q the space charge per uni t o f  length o f  the o r b i  t ron ,  the 

dirnensionless parameter, 

i s  a good measure f o r  the in f luence o f  the space charge on V( r )  . The 

charge q ,  i s  g iven by 

where V. i s  the anode p o t e n t i a l ,  and b and a the cathode and anode ra- 

d i  i ,  respect ive ly .  Assuming Cybulska's o r b i  t r on  parameters: V,= 800V, 

b = 4.5 cm and a = 0.08 cm, and expressing q ,  i n  uni t s  o f  the  e l e c t r o n  

charge we get  

Cybulska's reported value f o r  X i s  A = 0.08, which gives 

f o r  the space charge per  uni t o f  length.  

the low value fo r  1, i n  Cybulska's experiment, j u s t i f i e s  the l i n e a r  

approximation f o r  Vlasov's equation, what g r e a t l y  s i m p l i f i e s  the ca l -  

cu la t i ons .  

-+ + 
Let us now observe t h a t  any func t i on  o f  the Hami 1 tónian h( r ,p )  i s  a 

s t a t i o n a r y  s o l u t i o n  o f  Eq. (2.10), and d i f f e r e n t  authors have put  f o r -  

ward models consider ing d i f f e r e n t  choices f o r  t h i s  f unc t i on .  



Let us r e s t r i c t  our  d iscuss ion t o  s t a t i o n a r y  so lu t i ons ,  i .e . ,V( r , t )  5 

V ( r )  , and t o  the cen t ra l  zone o f  the o r b i  t r on ,  where we may assume cy- 

1 i n d r i c a l  symmetry f o r  ~ ( r ) .  We w r i  t e :  

where p i s  the r a d i a l  momentum, pZ the a x i a l  momentum, a n d  L the 
r 

a x i a l  component o f  the  angular  momentum. The coordinate r measures 

the d is tance t o  the a x i s  o f  symmetry. Besides the energy, both L and 

pZ are  constants o f  motion, and the re fo re  a choice f o r  the s o l u t i o n  

o f  Eq.(2.10) i s  

where K i s  a normal iza t ion  constant .  

Due t o  the l i n e a r c h a r a c t e r o f  Eq.(2.10), a general s o t u t i o n  can be 

constructed as a superpos i t ion  o f  so lu t i ons  o f  the form given by Eq. 

(2.151, and we have 

where p(~,, L, , p,) i s  an a r b i  t r a r y  f unc t i on  sub jec t  on l y  t o  the nor- 

ma l i za t i on  cond i t ion ,  

I t  i s  q u i t e  c lear ,  from the s t r u c t u r e  o f  Eq. (2.161, t h a t  p(E,,L,,p, ) 

se ts  the boundary condi t i o n s  f o r  the s o l u t i o n  o f  Eq. (2.10), and a1 1 

the previous theo re t i  ca l  works done on the  o r b i  t r on ' s  space charge can 

be understood as a l t e r n a t i v e  choices f o r  p(Eo,Lo,po).  I n  t h i s  sence , 
we w i l l  discuss p a r t i c u l a r l y  Deichelbohrer 's  paper, no t  on ly  f o r  be ing 

the most recent  b u t  a l so  because he summarizes, t o  a great  ex tent ,  the 

previous resu l  t s .  



Deichelbohrer re la tes  the choice o f  p(E,,L,,p,) t o  the i n j e c t i o n  me- 

chanism as he neglects any cons idera t ion  f o r  the e l e c t r o n  - e l e c t r o n  

sca t te r i nga ins ide  the o r b i t r o n .  Thus, he concludes t h a t  a11 t h e e l e c -  
- 

trons have the same energy, E, given by the posi t i o n  and b ias  o f  the 

f i larnent.  Hence, 

Next he considers the upper and lower 1 i m i  t s  f o r  L,  and p ,  . For the 

upper l i m i  t o f  L,, he takes the value which corresponds t o  the c i  rcu- 

l a r  o r b i t  which passes through the f i lament  p o s i t i o n  and t h e  lower 

1 i m i  t t o  the o r b i  t which grazes the anode surface.  The momentum p ,  

var ies  f rom zero t o  the upper a1 lowed va l  ue corresponding t o  t h a t  o r-  

b i t  which leaves the i n j e c t o r  region i n  a s t r a i g h t  a x i a l  movement . 
Apart from these boundaries d i c ta ted  by the condi t i ons  s e t  by the f i -  

lament, the actual  shape o f  p '  (L,,p,) i n  Eq. (2.17) i s  not  deterrnined. 

To proceed, Deichel bohrer makes a f u r t h e r  sirnpl i f i ca t i on  by f a c t o r i n g  

P '  (L,,p,) : 

He assumed two shapes f o r  each fac to r .  For p,(L,), he considered ( i )  

a uniforrn d i s t r i b u t i o n ,  and ( i  i )  sin2(nL0/Lm) where L,,, i s  the upper 

l i m i t  f o r  L,. For p,(p,), he assumed ( i )  a sharp d i s t r i b u t i o n  a t  p,= 

0, and ( i  i )  a uni form one. These assumptions combine i n  fou r  possi-  

b l e  choices f o r  p(E,,L, ,p,) , and Fi g.2 exh ib i  t s  the resul  t s  obtained. 

One observes tha t  the charge d i s t r i b u t i o n  i s  s t rong ly  dependent on the 

shape assumed f o r  p, (L,) and p2(pO)  and we are there fore  l e d  t o  won- 

der i f  a more general p r i n c i p l e  can be invoked t o  r e s t r i c t  the possi-  

b l e  choices o f  d i s t r i b u t i o n s .  This was the approach adopted by the 

works o f  o l i v e i r a" ,  pato12 and ~ o ~ e r i o ' ~  which we w i l l  consider from 

now on. The essent ia l  p o i n t  we would l i k e  t o  s t ress  i s  the w e l l  known 

r e s u l t  o f  s t a t i s t i c a l  mechanics t h a t  i f  one r i go rous l y  c a r r i e s  out  

the hypothesis o f  the  absence o f  i n t e r a c t i o n  among the e lec t rons,  any 

i n i t i a l  d i s t r i b u t i o n  generates a s tab le  d i s t r i b u t i o n  f o r  the gas. As 



soon as one considers the i n t e r p a r t i c l e  i n t e r a c t i o n ,  t h i s  i s  no lon- 

ger t rue ,  and the d i s t r i b u t i o n  approaches a unique s tab le  d i s t r i b u -  

t i o n ,  charac ter ized by the maximum o f  entropy,  i n  a t ime t characte- 

r i s t i c  o f  the r e l a x a t i o n  o f  the i n i t i a l  d i s t r i b u t i o n  o f  the gas. i f  

the mean l i f e t i m e  o f  the e lec t ron ,  i ns ide  the o r b i t r o n  were i n f i n i  te, 

there  would be no quest ion  t h a t  the s t a t i s t i c a l  equi l i b r i u m  would be 

ieached. Actual  l y ,  the e lec t rons  remai n, i n s i  de the o r b i  t ron ,  on l y  

dur ing  a mean t ime T, and the quest ion  we pose i s  whether T i s  much 

srnal l e r  o r  much l a r g e r  than t . Hooverman, Feaks and Dei chelbohrer 

assume T < < t ,  and conclude t h a t  the i n i t i a l  d i s t r i b u t i o n ,  d i c t a t e d  

by the i n j e c t i o n  cond i t ions  a t  the f i lament ,  p r e v a i l s  du r i ng  thewho- 

l e  l i f e  o f  the e l e c t r o n  i n  the o r b i t r o n .  O l i v e i r a ,  Pato and Rogerio 

made the opposi t e  assumption, i .e., t h a t  t << T, and there fore  the 

d i s t r i b u t i o n  i s  d i c t a t e d  by the s t a t i s t i c a l  e q u i l i b r i u m  reached by 

the e lec t rons .  I t i s  q u i t e  c l e a r  chat the two choices are e x t  

ones, and the ac tua l  s i t u a t i o n  i s  expected t o  be i n  an intermed 

one. Once the s t a t i s t i c a l  e q u i l i b r i u m  i s  assumed, we may conc 

t h a t  the energy d i s t r i b u t i o n  i s  canonical ,  and we s e t  

which gives, from Eq.(2.16), 

reme 

i a t e  

1 ude 

Due t o  the f a c t  t h a t  the e lec t rons  p a r t i c i p a t i n g  o f  the space charge 

are  those which do no t  touch the inner  w a l l s  o f  the o r b i  t r on ,  we as- 

sume t h a t  Eq.(2.19) i s  v a l i d  on l y  i n  a reg ion R o f  the phase space . 
which excludes poss ib le  t r a j e c t o r i e s  t h a t  touch the w a l l s .  Under the- 

se assumptions, the charge d i s t r i b u t i o n  i s  g iven by 

and we observe t h a t  now we have on l y  one undetermined parameter, B , 
(p lay ing  the r o l e  o f  the inverse temperature o f  the e l e c t r o n  gas), be- 

s ides the norrnal izat ion constant  A.  



3. THE CHARGE DISTRIBUTIQN 

We w i l l  determine, i n  t h i s  Section, the domain o f  i n t e g r a t i o n  f o r  Eq. 

(2.2) under the assumption t h a t  e lec t rons  which c01 l i d e  wi t h  the ano- 

de o r  cathodp o f  the o r b i t r o n  are ex t rac ted  from the space charge. As 
-f 

we w i l l  be o n l y  i n te res ted  i n  the determinat ion o f  n(r )  f o r  the cen- 

t r a l  reg ion o f  t h e o r b i t r o n ,  w e w i l l  assume as before  t h a t V ( r )  and 

n(F) have c y l i n d r i c a l  s y m t r y .  Due t o  e lec t ron- e lec t ron  c o l l i s i o n s ,  
+ 

e lec t rons  a t  a  posi  t i o n  r may acqui re  enough r a d i a l  momentum t o  be 

able t o  c01 1 ide  wi th the anode o r  cathode. We assume t h a t  whenever an 

e l e c t r o n  i s  e n e r g e t i c a l l y  able t o  reach the w a l l s  o f  the o r b i t r o n ,  we 

exclude i t  from the d i s t r i b u t i o n .  This i s  j u s t i f i e d  on the assumption 

t h a t  the mean f r e e  path  between c o l l i s i o n s  i s  l a rge r  than the r a d i a l  

dimensions o f  the o r b i  t ron .  This condi t i o n  se ts  up 1 i m i  t s  f o r  p ,and r 
one may v e r i f y  t h a t  we have t o  impose the r e s t r i c t i o n  

f o r  the e lec t rons  no t  t o  h i t  the anode, o f  rad ius  a, and p o t e n t i a l  V,. 

The s i m i l a r  cond i t i on  f o r  no t  h i t t i n g  the cathode i s  

where b i s  the radius o f  the cathode assumed t o  be grounded. 

We r e w r i t e  Eqs.(3.1) and (3.2) i n  the  f o l l o w i n g  forms t h a t  e x h i b i t  

b e t t e r  the geometrical r e s t r i c t i o n s  on the ( p  L) space: r' 

and 



where  

2 m e  (V,, - v ) a 2 r 2  
L: = 9 

r2 - a2 

< -. 2me(~, - V) , 

and 

F ig .3  shows the reg ionso f  a l lowedva lues ,  f o r L  a n d p  indicated by r' 
the shaded areas. Def ining L ,  as indicated by Fig .3 ,  we can set  the 

l i m i t s  o f  in tegrat ion f o r  L and p r :  

( i )  f o r  L1<ILI< L ,  : 

and L, i s  given by the fol lowing equation: 



which gives 

2me v,a2b2 
L;  = 

b 2  - a2 

I n  p r i n c i p l e ,  we should a l so  have se t  up l i m i t s  f o r  the ax ia l .  com- 

ponent o f  the momentum. As we are i n te res ted  

g ion o f  the  o r b i  t ron,  one may imagine the orb 

long, and neglect  any such 1 im i ta t i ons  f o r  pZ 
f o r  t o  be + m and - m. F i n a l l y ,  we a r r i v e  

s ion  f o r  n ( r ) :  

only i n  the cent ra l  re- 

t r o n  t o  be i n f i n i t e l y  

assuming the 1 i m i  t s  

a t  the expl  i c i  t expres- 

Let  us observe t h a t  f o r  r = a ,  i .e, a t  the  anode, wl=O and the i n t e -  

g r a t i o n  over p vanishes i n  the f i r s t  term o f  the r i g h t  hand s ide o f  
r 

Eq. (3.8). The second term a l so  vanishes a t  the anode due t o  the f a c t  

t h a t  L, = L,, and w2=0, f o r  r = a .  Hence, n ( r )  i s  zero a t  the anode . 
I n  an analogous way, one can show t h a t  n ( r )  i s  a l so  zero a t  the ca- 

thode, which shows tha t  n(r) ,  given by E q .  (3.81, i s  zero a t  the inner 

surface o f  the  o r b i t r o n .  

Making expl  i c i  t use o f  the form o f  h, exh ib i  ted i n  E ~ .  (2.9), and o f  

the normal iza t ion  constant, we f i n a l l y  obta in :  



Fig.  1 - A schematic drawing o f  an o r b i  t ron ;  1 - i s  the anode rod ; 

2 - the cathode c y l  inder;  3 - the r e f  l e c t o r  tube; 4 - the f i  lament . 
The o r b i  t r o n  can be thought as d i v i ded  i n  th ree zones; 5 - the f i l a -  

ment' zone; 6 - the cen t ra l  zone, and 7 - the  f a r  zone. 

F ig .  3 - The al lowed reg ion i n  the (P,,L) plane o f  the phase space,at 

a  g iven p o s i t i o n r ,  i nd i ca ted  by the shaded areas. I h e  values o f  

L,, L, and L, are  given i n  the t e x t  by the  Eqs.(3.3), (3.4) and (3.7), 
respec t i ve l y .  



Fio. 2 - The four radial electron distributionsobtained from the fair 
models described by ~eichelbohrer'. Curve 1 corresponds to a uniform 

distribution in angular momentum, and a sharp distribution at zero 

axial momentum. Curve 2.corresponds to the sin2 (&/Lm) distri bution 

in angular momentum, and the same as curve 1 for the axial momentum. 

Curve 3 corresponds to a uniform distribution for the axial and ap- 

guiar momenta. Curve 4 corresponds to the sin2(.rrL/t ) distribution m 
for angular momentum, and uniforrn distribution in axial momentum. 



whe r e  

and 

Equations (3.9) and (3.10) g i ve  n(r)  e x p l i c i t l y  as a f unc t i on  o f  V(P) 

and the parameter 8, which can be solved by i t e r a t i o n  w i t h  ~ q .  (2.7) ,  

r e s u l t i n g  i n  the s e l f c o n s i s t e n t  charge d i s t r i b u t i o n .  Due t o  the  cy- 

l i n d r i c a l  symmetry, Eq.(2.7) can be put  i n  a s impler  form by making 

use o f  Gauss' theorem: 

V( r )  = V. l n ( r / r o )  

w i t h  the parameter r, f i  xed by the condi t i o n  ~ ( b )  = 0.  

4. THE RESULTS 

Let  us in t roduce the dimensionless coordinate x = r/b, where b i s  the 

cathode radius, and l e t  us ca l  1 

and 

ci = eVo/kT , ( 4 . 2 )  

where a i s  the anode rad i  us, V, the anode p o t e n t i a l ,  and we introduced 



Fig .  4 - The function n ( x ) ,  defined by E q . ( 4 . 3 ) ,  versus the function 

~ ( x ) ,  given by ~ ~ . ( 4 . 5 ) ,  fo r  d i f f e r e n t  values o f  the parameter a . 
The value o f  x, i s  0.0133. 



F i g .  5 - The same as i n  F i g .  4 excep t  t h a t  X, .= 0.10. 

F i g .  6 - The f u n c t i o n  < O  o> p l o t t e d  as f u n c t i o n  o f  y ( x ) ,  f o r  two 

va lues o f  t h e  t h r e s h o l d  energy f o r  i o n i z a t i o n :  1OeV and 30eV as i n d i -  

cated.  



i n  conformity w i t h  the usual p r a c t i c e  i n  s t a t i s t i c a l  mechanics, where 

k. i s  the Boltzmann constant ,  and T the temperature o f  the e l e c t r o n  gas. 

W i  t h  these d e f i n i t i o n s ,  one can easi  l y  show tha t  2 ~ f r n ( r )  , given by Eq. 

(3.9), can be w r i t t e n  i n  terms o f  the dimensionless func t i on  ~ ( x )  , 
t h a t  i s :  

where q i s  the prev ious ly  de f ined t o t a l  space charge per u n i t o f  length, 

and we are  normal i z i  ng q (x )  such t h a t  

We f u r t h e r  de f ine  

and we observe t h a t  y(x)=O, a t  the anode, and u n i t  a t  the cathode, po- 

s i t i o n s .  As we are  i n te res ted  i n  the comparison o f  our r e s u l t s  w i t h  

Cybulska's data, we wi 1 1  neg lec t  the space charge c o n t r i b u t i o n  t o  the 

externa1 p o t e n t i a l  . I n  t h i s  case, the func t i on  q(x )  depends on ly  on 

the two dimensionless parameters a and x o .  F ig .  4 shows n (x )  f o r  d i  f- 

f e ren t  values o f  a , vary ing  by u n i t  from 8 t o  14, w i t h  xo = 0.0133 

corresponding t o  the geomt ry  used i n  Cybulska's o r b i t r o n .  F i  g .  5 , 
again, shows ~ ( x )  f o r  d i f f e r e n t  values o f  cx as ind ica ted,  b u t  w i  t h  

x, = 0.1. I n  both f i gu res ,  the abscissas are  y ( x ) .  We observe tha t  , 
as a1 ready proven, ~ ( x )  vanishes a t  the cathode ( y= l )  and anode (y=O) . 
I n  a l l  cases, the d i s t r i b u t i o n s  present on ly  one peak q u i t e  c lose t o  

the anode . The l a r g e r  the value o f  a, i .e., the smal le r  the e l e c t r o n  

temperature f o r  a f i x e d  vol tage V o ,  the sharper i s  the peak.The e f f e c t  

o f  increas ing the anode rad i  us i s  t o  broaden the peak o f  the d i s t r i b u -  

t i o n .  





The average <va>  can be ca l cu la ted  by numerical i n t e g r a t i o n .  Weappro- 

ximated the empi r ica l  data on the i o n i z a t i o n  cross sec t ion ,  o ( E ) ,  by a 

s tep func t i on  and consi dered two extreme cases, where the th resho ld  

energy i n  u(E) i s  1OeV and 30eV. Fig.6 exh ib i  t s  our r e s u l t s .  We obser- 

ve t h a t  <ao> i s  a s lowly  vary ing  func t i on  o f  p o s i t i o n ,  and  depends 

weakly on the th resho ld  energy. These resu l  t s  g i ve  us confidence t o  

i n t e r p r e t  Cybulska's data on the i on  energy spectrum. Figure 7 shows 

the experimental data and our t h e o r e t i c a l  p r e d i c t i o n  f o r  two values o f  

a.  We assumed the th resho ld  eneray t o  be 20eV, and x, equal t o  0.0133 

corresponding t o  Cybulska's o r b i t r o n  geometry. We should observe the 

ra the r  good agreement w i t h  the experimental data, which suggest t h a t  

our bas ic  assumption, f o r  the at ta inment o f  s t a t i s t i c a l  equi 1 i b r i um o f  

the e l e c t r o n  gas, i s  a reasonable one. Using our r e s u l t  f o r  <o V > ,  we 

can reduce the i on  energy-density spectrum i n t o  ~ ( x )  data. This i s  

shown i n  Fig. 8, where the ho r i zon ta l  ax i s  i s ,  again, y ( x ) .  We should 

a l so  observe t h a t  rn(r), which i s  p ropo r t i ona l  t o  Q(x ) ,  has a maxi- 

mum a t  approximately y=O.15 o r  r-0.12crn. Our p r e d i c t i o n  f o r  n ( r )  i s ,  

there fore ,  a d i s t r i b u t i o n  w i t h  a sharp peak very near the anode. 

5. CONCLUSIONS 

The models advanced, f o r  the determinat ion o f  the charge d i s t r i b u t i o n  

i n  o rb i t r ons ,  can be d i v i ded  i n t o  two c lasses:  ( i )  those which assume 

t h a t  the i n i  t i a 1  condi t i ons ,  d i c t a t e d  by the f i lament envi  ronment, pre- 

vai l du r i ng  the whole 1 i f e t i m e  o f  the e lec t rons ,  and ( i  i )  those which 

assume t h a t  the e lec t ron- e lec t ron  c o l l i s i o n s  a re  f requent enough t o  

e s t a b l i s h  a s t a t i s t i c a l  equ i l i b r i um.  These two assumptions can be un- 

derstood as extreme cases, and the basi c quest ion  i s  whi ch o f  these 

cond i t ions  more c lose l y  represents the rea l  cond i t i on  i n  the o r b i t r o n .  

Cybulska and ~ o u ~ l a s '  have made compari sons o f  t he i  r measurements wi t h  

one o f  the fou r  models ca l cu la ted  by Deichelbohrer, which belongs t o  

the f i r s t  c lass ,  and t h e i r  f i nd ings  were t h a t  Deichelbohrer 's  model 

observat ions.  We have i n  does no t  p r e d i c t  accura te ly  the experimental 

t h i s  paper proposed a model based on s t a t i s t  

comparison w i t h  the experimental data was ve 

i c a l  equi 1 ibrium, and the 

r y  s a t i s f a c t o r y ,  g i v i n g  



Fig. 8 - The e l e c t r o n  dens i ty  f unc t i on  ~ ( x ) ,  de f ined i n  Eq.(4.3), f o r  

a = 11.42 and x, = 0.0133, p l o t t e d  aga ins t  y ( x ) ,  adjusted t o  g i ve  the 

best  f i  t t o  the posi t i v e  i o n  energy-densi t y  spectrurn measured by 

Cybulska. The v e r t i c s l  scale i s  l oga r i  thmic. Also, the experimental 

po in ts  are  shown f o r  the i on  energy densi t y  spectrum reduced t o  ~ ( x )  

data. 



c r e d i b i l i t y  t o  the  s t a t i s t i c a l  assumption. A  b e t t e r  check, on which 

c lass  o f  models i s  c l ose r  t o  the p r e v a i l i n g  s i t u a t i o n  i n s i d e  the  o r -  

b i t r o n ,  would be the  study o f  the p o s i t i v e  i on  energy dens i t y  spectrum, 

f o r  d i f f e ren t  posi  t i ons  and geometries o f  the f i lament. An insensi t i v i  t y  

o f  the  measurement, on these parameters, would v e r i f y  t h a t  the i n i t i a l  

cond i t ions ,  a t  the f i lament ,  a re  no t  important. Hence, the e lec t ron-  

-e lec t ron  c o l l i s i o n s  would be important t o  erase the p e c u l i a r i t i e s  o f  

the  i n i t i a l  cond i t ions ,  a t  the f i lament ,  on the p r e v a i l i n g  charge d i s -  

t r i b u t i o n .  These measurements, un for tunate ly ,  have not  been done so 

f a r .  From the t h e o r e t i c a l  s ide,  the study o f  the space charge e f f e c t ,  

on the se l f - cons i s ten t  p o t e n t i a l ,  should be c a r r i e d  out ,  as the on ly  

study done so f a r  i s  the one by o l i v e i r a"  but  w i t h  s i m p l i f i e d  bounda- 

r y  cond i t ions .  

From our  p o i n t  o f  view, i t  i s  simple t o  understand why an upper l i m i t  

t o  the  number o f  e lec t rons ,  i n  o rb i t r ons ,  should e x i s t .  The p red i c ted  

d i s t r i b u t i o n  i s  g r e a t l y  conf ined t o  a  small volume around the anode. 

With an increasing number o f  e lec t rons ,  the  space charge deforms the 

e l e c t r o s t a t i c  p o t e n t i a l ,  making i t  p r a c t i c a l l y  zero f o r  d istances even 

less  than the  f i l amen t  d is tance t o  the  anode. I n  a  sense, the e f f e c t  

o f  increas ing the number o f  e lec t rons  i s  t o  reduce the r a d i a l  dimen- 

s ion  o f  the o r b i t r o n .  Under these cond i t ions ,  the f i lament  would be 

unable t o  i n j e c t  more e lec t rons  i n t o  the e lec t ron  cloud. This,  o f  cour- 

se, occurs i n t e r m i t e n t l y .  Once the f i l amen t  i s  shie lded,  the space 

charge s t a r t s  t o  d imin ish  by loos ing e lec t rons ,  through e lec t ron-e lec-  

t r o n  c o l l i s i o n s ,  and soon the f i l amen t  i s  again ab le  t o  i n j e c t  more 

e lec t rons  i n t o  the cloud, repeat ing the  cyc le  again. This i n t e r m i t e n t  

regime i s  responsible f o r  e x c i t i n g  acoust ic  waves i n  the e l e c t r o n  gas, 

which a re  observed as electromagnet ic o s c i l l a t i o n s  associated w i t h  the 

h igh  dens i t y  regime. These o s c i l l a t i o n s  have been observed by Tro ise  

and ~ o u ~ l a s ' ~ .  
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