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E x t e n d  i n g  the method o f  s o l u t i o n  recen t l y  presented i n  t h i  

the system o f  p a r t i a l d i f f e r e n t i a l  equations descr ib ing  the 

f r e e  space-charge motion under a g iven app l i ed  vol tage i s  

i n t o  a system o f  two ord inary  d i f f e ren t i a l equat ions.  The 

app l i ed  t o  f i n d  the externa1 cu r ren t  observed w i t h  shorted e 

a f t e r  space charge l  i m i  ted  cu r ren t  i n j e c t i o n .  

s journa l  , 
one- car r ie r  

transformed 

method i s 

iectrodes , 

Extendendo-se o método de solução recentemente apresentado nesta Revis- 

ta,  o sistema de equações d i f e r e n c i a i s  pa rc ia i s ,  que descreve o movi- 

mento de carga espacia l  monopolar, sob voltagem constante, é t r ans fo r -  

mado em um sistema de duas equações d i f e r e n c i a i s  o rd iná r i as .  O método

é ap l icado ao c á l c u l o  da cor rente  externa fo rnec ida em c u r t o  c i r c u i t o ,  

após i n jeção de carga espac ia l .  

1. INTRODUCTION 

By one- car r ie r  f ree space charge motion (FSCM), we mean the t ime deve-

lopment o f  an excess charge d i s t r i b u t i o n ,  i n  which every c a r r i e r  moves 

w i t h  a v e l o c i t y propo r t i ona l  t o  the e l e c t r i c  f i e l d  a c t i n g  upon i t .  As 
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the electrodes (we are assiiming planar geometry) may a l so  bear e l e c t r i c  

charges, the complete s p e c i f i c a t i o n  o f  the e l e c t r i c  f i e l d  needs a  re fe-  

rente t o  them, as open i f  unconnected, o r  as under an app l ied  voltage 

i f  they are connected through an e.m.f. source. They are known, respec- 

t i v e l y ,  as charge and cur rent  modes. 

I n  t h i s  a r t i c l e  w i l l  be given a  s o l u t i o n  o f  the FSCM, i n  the current  

mode, assuming tha t  the charge d i s t r i b u t i o n ,  which completely f i l l s  the 

d i e l e c t r i c ,  i s  k n o k ~ ~ ,  a t  a  g iven time, as w e l l  as the app l ied  voltage 

as a f unc t i on  o f  time. To achieve t h i s  aim, we extended the method o f  

s o l u t i o n  recent ly  developedi f o r  the case i n  which the charge d i s t r i b u -  

t i o n  touches only one o f  the electrodes.  I t  turns out  t ha t  the system 

o f  pa r t i a1  d i f f e r e n t i a l  equations descr ib ing  the FSCM, namely the Pois- 

son and cont inu i  t y  equations, tagether w i  t h  the const ra in t  t h a t  the 

knowledge o f  the vol tage imposes on the i  r so lu t ions ,  i s  t r a n s f o r m e d  

i n t o  a  s y s t e m  o f  two ord inary  d i f f e r e n t i a l  equations ( i n  Ref. 1 we 

had only one) f rom whose sol  u t i o n  the quant i  t i e s  o f  i n t e r e s t  may be de- 

r i ved.  

The method i s  app l ied  t o  f i n d  the externa1 cur rent  de l ivered by a  d ie -  

l e c t r i c  which was shorted a f t e r  being i n  the s ta t i ona ry  space-charge 

1 i m i  ted cur rent  regime. This case has received some a t t e n t i o n  i n  the 

l i t e r a t u r e  (~efs .2 ,3 ,4 ,5) ,  s ince i t  i s  c l ose l y  connected w i t h  exper i -  

ment. I n  the seque1 , we wi 1 1  o f t en  quote Ref. 1 (CALF) , on which most o f  

t h i s  work i s  based. 

2. THEORY 

We use, throughout t h i s  paper, dimensionless var iables as def ined i n  

CALF, p.351. Thus, we w r i t e  the Poisson and c o n t i n u i t y  equations as 



where, E i s  the e l e c t r i c  f i e l d  strenght,  p, the charge densi ty,  i, the 

conduction cur rent ,  r, the depth as measured from the higher p o t e n t i a l  

e lectrode, and t, the time. 

We are given 

and 

V( t )  bei ng the appl ied  vo l  tage. 

Using the method o f  the cha rac te r i s t i cs ,  the fo l l ow ing  e q u a t i o n s  are 

ob t a  i ned 

which may be in tegra ted t o  g ive  the equation o f  the f low l i n e s  

and the charge dens i ty  a long them, 

E(X~)=E(X,O) being a  known func t i on  o f  the posi  t i o n  which may be found 

frorn p ( x o )  and v(O), and j the externa1 cur rent .  

3. THE FUNCTION y(t) AND zít) 

We assume tha t  both electsodes are rece iv ing c a r r i e r s ;  t h i s  i s  s u r r l y  

the case, f o r  a l l  times, i f  V(t)=O, and f o r  a  l i m i t e d  range o f  time, i f  



the vol tage i s  not  so h igh as t o  d r i f t  a11 the c a r r i e r s  i n  a  given d i -  

rec t i on  ( i n  t h i s c a s e  t h e p r o b l e m w o u l d b e  t r e a t e d a s  i n R e f .  1) .  We 

def ine,  therefore,  funct ions y=y( t )  and z=z ( t )  as g i v i n g  t h e  i n i t i a l  

coordinates, y and z, o f  the c a r r i e r s  tha t ,  a t  time t, were respect i-  

ve ly  a t  $=O and x=1. C lear ly ,  we have y(O)=O.and z(0)=1. 

Hence, we may ob ta in  the equations (CALF, p.353)  

With the var iab les  y  and z, we may w r i t e ,  from Eq.(2), 

With the he lp  o f  these re la t i ons ,  Eq.(2) may be r e w r i t t e n  e i t h e r  as 

I n  Eqs.(5) and (61, ~ ( y )  and E(z) ,  l i k e  E ( x O ) ,  are the e l e c t r i c  f i e l d  , 
a t  t=O, expressed as a  func t i on  of  the var iab les  y,z and xo. 

Charge conservat ion a1 lows us t o  wr i  t e  

On the o ther  hand, from Eq. ( I ) ,  we der ive  
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r 1  
~ ( 1  , t )  = xp(x , t )dx  + V ( t )  . (8) 

We, now, change the  i n t e g r a t i o n  va r i ab le ,  i n  E ~ .  (81, from x t o  x  as 

given by Eq. (6a). Keeping the t ime f i xed ,  as the i n t e g r a t i o n  requires,  

we d i f f e r e n t i a t e  Eq. (6a), ob ta in ing  

which may be in tegra ted,  g i v i n g  

wi t h  ~ ( r )  de f ined as 

Subt rac t ing  Eq.. (5a) f rom (5b), and us ing  the resu l  t i n  Eq. ( l ~ ) ,  we ob ta in  

Using E ~ .  ( i ' ) ,  we may w r i t e ,  f o r  E(O,t), 

S u b s t i t u t i o n  o f  Eqs. ( l 2a )  and (12b), respect ive ly  i n t o  Eqs.  ( 4 a )  and 

(4b), gives r i s e  t o  a  system o f  two ord inary  d i f f e r e n t i a l  equations i n  

y,z and t: 



I t i s  desi rab le  t o  add a few words o f  comnent about t h i s  system. F i  r s t ,  

we note tha t ,  f o r  +O, W(O)=O (see Eq .  ( I  I ) )  and W(z)=V(O), so dy/dt>O, 

i f  E(y)<O,anddz/d t<O,  i f  E ( z ) > O , a s r e q u i r e d b y t h e d e f i n i t i o n s  o f  

~ ( t )  and z ( t ) .  Suppose now t h a t  v ( ~ ) = o ;  therefore,  as already said, the 

proposed so lu t i on  w i l l  be v a l i d  f o r  a l l  times O ;  y  wi11 be an increa- 

s ing  func t ion  o f  time, and z a decreasing one. We, therefore,  expect 

t ha t ,  f o r  la rge times, y and z tend t o  the same l i m i t ,  a . This behavior 

o f  y ( t )  and z ( t )  i s ,  however, very de1 i ca te  because, f o r  y-z , Eq. (13) 

gives dy/dt  - dz/dt, what would v i o l a t e  the cond i t ion  tha t  y ( t )  must be 

an increasing, and z ( t )  a decreasing, f unc t i on  o f  time. 

We have always found tha t ,  increasing accuracy o f  the numerical in tegra-  

t i o n  o f  Eqs. ( l 3 ) ,  a c t u a l l y  increases the t ime f o r  which y ( t )  and z ( t )  

behave as expected. 

The common 1 i m i  t value o f  y ( t )  and z 

the t o t a l  charge ~ ( t )  c i r c u l a t i n g  i n  

we d i f f e r e n t i a t e  Eq.  ( 2 )  w i  t h  respect 

( e ) ,  f o r  t*, i s  c l ose l y  re la ted  t o  

the externa1 c i r c u i t .  To see t h i s ,  

t o  time:. 

The e l e c t r i c  f i e l d ,  a c t i n g  a t  la rge times (t*), upon those c a r r i e r s  

which never reach the electrodes i s  zero, t h a t  i s ,  E ( x ( ~ ) , ~ ) = o .  C lear ly ,  

xO=a , so t h a t  



This equat ion provides a t e s t  f o r  the correctness o f  our  ca l cu la t i on ,  

s ince a comes out  o f  the i n t e g r a t i o n  o f  Eq. (13), and j ( t ) ,  the ex terna? 

cur rent ,  rnay be found according t o  the procedure given i n  the next  Sec- 

t i o n .  

4. THE EXTERNAL CURRENT AND THE CHARGE DENSITY 

The ex te rna l  cur rent ,  j l t ) ,  i s  g iven by 

In teg râ t i on  o f  t h i s  equat ion i n  x ,  from O t o  1 ,  us ing  Poisson's equation, 

g ives 

Using Eqs. (12a) and (12b), we ob ta in  

The charge densi ty ,  a t  t ime t, rnay be found, f o r  any r,, using Eq. (3 )  ; 

i t s  p o s i t i o n ,  x, i s  g iven by Eq.(6a) ( o r  Eq.(6b)). 

Therefore, once y ( t )  and z ( t )  are known, the ex te rna l  cu r ren t  and charge 

dens i t y  can be d i r e c t l y  ca lcu la ted.  

5. APPLICATIONS 

I n  most cases, we do n o t  know the i n i t i a l  charge d i s t r i b u t i o n .  If,, howe- 

ver, the t r a p  f r e e  d i e l e c t r i c  i s  i n  the s t a t i o n a r y  space charge l i m i t e d  

cu r ren t  regime, the charge dens i ty  i s  indeed known, and i t  w i l l  be used 

t o  i l l u s t r a t e  our method. 

We suppose ohrnic contact  a t  the i n j e c t i n g  e lec t rode dur ing  the charge. 

Using the same dirnensionless var iab les ,  as i n  Ref.5, the s t a t i o n a r y  space 



charge dens i t y  i s  p(jc,)= 3/4 2-'12.  At $=O, the e lec t rodes are  shorted , o 
and we want t o  know the cu r ren t  de l i ve red  by the system (besides the ca- 

p a c i t y  cu r ren t  peak, a t  t=O), as w e l l  as t he  charge dens i t y  as a  func- 

t i o n  o f  time. 

To s t a r t  w i t h ,  Fig.1 e x h i b i t s  y and z as func t i ons  o f  t ime. These were 

obtained, by the f i r s t  o rder  Runge-Kutta method, on a  HP-9810-A desk 

c a l c u l a t o r .  I t  i s  seen tha t ,  even f o r  t=20, z and y are  no t  too c lose 

t o  t h e i r  asymptot ic  value, a. For instance,  f o r  t=26, we have y=0.4672 

and z=0.5017. I t seems safe t o  pu t  a=0.4844 + 0.0005. 

F igure  2 shows p as a  f unc t i on  o f  x and t, f o r  03<1.4 . We see t h a t ,  a t  

t=1:4, p  i s  almost uni form. Fig.3 d isp lays  the ex te rna l  cu r ren t  j ( t ) ,  

and the charge ~ ( t )  (see Eq. (14) ) ,  as a  f unc t i on  o f  t. Observe t h a t  j 

has a  very f a s t  i n i t i a l  decay ( 0 ~ < 1 ) ,  fo l lowed by a ra the r  slow one . 
The t ime t - 1 ,  mediat ing these two behaviors, may g i ve  a  gross ind ica-  

t i o n  o f  the value o f  the m o b i l i t y .  

Fo l lowing a  h i n t  taken f romexper iments i n  KCN c r y s t a l s ,  we have found 

t h a t  the func t i on  0.375 exp(-4.182Jt) very c l o s e l y  represents the ex te r -  

na1 cu r ren t ,  i n  the range O<t<2. 

The asymptot ic  value o f  ~ ( t ) ,  t h a t  i s ,  Q(m), was found t o  be -0.04426 . 
Coming back t o  Eq.  (15) , we have E(x,)= -1 + 3/2 úc:" and a=O.4844+O.OOO5, 

g i v i n g  E ( a ) =  0.04398 + 0.00054. Since a  was found i n  a  ra the r  crude 

way, we t h i n k  t h a t  & (a ) ,  as obtained by i n teg ra t i on ,  provides a  b e t t e r  

value o f  the ex te rna l  charge than t h a t  g iven by - ~ ( a ) .  

Some years ago, ~ i n d m a ~ e r ~ ' ~  deduced an expression r e l a t  i ng  the ex te rna l  

cur rent  w i t h  the motion o f  the zero  f i e l d  plane, namely, 

where r ( t )  g ives the p o s i t i o n  o f  the zero f i e l d  p lane ( t h a t  i s ,  ~ ( r ( t ) ,  

t )=0 .  We wi 11 discuss some r e s u l t s ,  a r i s i n g  from Eq. ( l 7 ) ,  w i t h i n  the 

FSCM scheme. I n t e g r a t i n g  Eq.  (17) i n  the t ime var iab le ,  we have 



Fig.1 - y and z as f unc t i ons  o f  t ime f o r  SCLC d ischarge.  Note t he  weak 

convergence t o  the  common l i m i t  a. 

f 
- 

- - external current J í t )  
- 

(---) external circulating charge Q (t ) 

F i g . 3  - The e x t e r n a l  c u r r e n t  ( f u l l )  and charged (dashed) as a  f u n c t i o n  

o f  t ime.  The approximáte va lue  o f  &(a) i s  a l s o  g i ven .  



where r, is the initial position of the zero field plane. Now, at r(t), 

the charges are not moving, and so we may say that -j(t)dt is the charge 

swept out by the moving zero field plane, in a locally stationary charge 

conservation, we may further say that -&(t) is equal to the charge lying 

between the initial value of r, that is ro, and the initial position, s,, 

of those carriers that, at time t, are in r(t). For t*, we have s,+ a, 

and we correspondingly wri te 

For a monotonically decreasing initial charge distribution, Lindmayer 

puts 

Actually, this relation may be derived from ~~.(19), noting that, for a 
monotonically decreasing ~(x,), j is negative, and by ~~.(17), dr/dt is 

positive. This means that a>r, and ~(r,) > ~(a). This allows us to 

write from Eq.(19) 

It is easy, now, to show for FSCM that, along a flow line, 

This relation shows that ap/ax cannot change sign during the charge mo- 

tion, and hence a monotonically decreasing p remains monotonically de- 

creasing as the time goes on. For such charge distributions, ~(1/2,t) is 

always greater than zero, and we conclude that a<1/2, because the char- 



F i g . 2  - Tridimensional p l o t  o f  t h e  charge density as a funct ion o f  

x and t .  A t  t=1.4, the charge density i s  almost uniform. 



ges i n i t i a l l y  a t  *1/2 a c t u a l l y  reach t h e  e l e c t r o d e  a t  x=1. 

Therefore,  L indmayer 's  inequa l  i t y ,  Eq. (ZO), has been d e r i v e d .  

Our r e s u l t s  s a t i s f y  t h e  c o n d i t i o n  a<1/2, and a l s o  t h e  i n e q u a l i t y  ~ ~ . ( 2 1 )  

wh ich  i s  s t r o n g e r  than  E q .  (20 ) .  From E q .  (211, we have 

We g e t  a>0.4838, which is  t o  be compared w i t h  t h e  e x t r a p o l a t e d  v a l  ue  , 

namely, a=0.4844 5 0.0005. 

6. CONCLUSION 

We deem t h a t  o u r  method g r e a t l y  s i m p l i f i e s  t h e  s o l u t i o n  o f  t h e  FSCM 

p a r t i a 1  d i f f e r e n t i a l  equa t ions  as compared w i t h  t h e  d i r e c t  i n t e g r a t i o n  

per formed by J. van ~ u r n h o u t ' ~ ,  i n  a  s i m p l e r  case (charge t o u c h i n g  o n l y  

one o f  t h e  e l e c t r o d e s )  . We a l s o  t h i n k  t h a t  approx imate s o l u t i o n s  o f  t h e  

problem w i l l  be welcome inasmuch as t h e  ex te rna1  c u r r e n t  does n o t  depend 

on t h e  f i n e  d e t a i l  o f  t h e  charge d i s t r i b u t i o r i .  I n  t h i s  r e s p e c t ,  o u r  so- 

l u t i o n  may be h e l p f u l .  

We a r e  indeb ted  t o  L.N. de O l i v e i r a  f o r  c a l 1  i n g  o u r  a t t e n t  

meaning o f  t h e  Lindmayer theorem as expressed i n  S e c t i o n  4 

i o n  t o  t h e  
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