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A l p h a- c l u s t e r i n g  o f  n u c l e a r  m a t t e r  i s  s t u d i e d  f o r  t h e  cases o f  one-, 

two- and three- dimensional  geometry by u s i n g  a  densi ty- dependent  two-

-body e f f e c t i v e  i n t e r a c t i o n .  We f i n d  t h a t  i n  three-dimensional  space 

n u c l e a r  m a t t e r  i s  more s t a b l e  w i t h o u t  t h e  a - c l u s t e r  s t r u c t u r e  a t  normal 

d e n s i t i e s ,  w h i l e  i n  one-dimensional s p a c e , a - s t r u c t u r a l  n u c l e a r  m a t t e r  

can be more s t a b l e  and a t  lower  d e n s i t i e s  than  usua l .  T h i s  has t o  do 

w i t h  t h e  p i c t u r e  o f  a- cha in  s t r u c t u r e  o f  e x c i t e d  s t a t e s  o f  4N n u c l e i .  

Aglomerados a l f a  de m a t é r i a  n u c l e a r  são estudados para os casos de geo- 

m e t r i a  u n i -  , b i -  e  t r i - d i m e n s i o n a l ,  usando-se uma i n t e r a ç ã o  e f e t i v a  de 

d o i s  corpos, dependente da densidade. Nós achamos que a  m a t é r i a  nu- 

c l e a r ,  em um espaço t r i - d i m e n s i o n a l ,  é mais e s t á v e l  sem a  e s t r u t u r a  de 

aglomerados a l f a ,  a  densidades normais, enquanto no espaço un i -d imens i -

ona l  a  m a t é r i a  n u c l e a r  e s t r u t u r a l  a l f a  pode s e r  mais e s t á v e l e a  mais 

b a i x a s  d e n s i d a d e s  q u e  o  u s u a l .  I s s o  s e  r e l a c i o n a  c o m  a  e s t r u t u r a  d e 

cade ia  a l f a  de estados e x c i t a d o s  de núcleos 4N.

1. INTRODUCTION 

A l p h a- c l u s t e r i n g  o f  n u c l e a r  m a t t e r  was f i r s t  i n v e s t i g a t e d  by  an a-boson 

gas model'. I n t h i s  model, t h e  i n t e r n a l  s t r u c t u r e  and, t h e r e f o r e ,  t h e  

i n t e r n a l  b i n d i n g  energy, o f  each a - p a r t i c l e  a r e  assumed t o  be kep t  un-
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changed i n  the many body system. The Paul i  p r i n c i p l e  i s  taken i n t o  

account through the repu ls  i ve  core o f  the e f f e c t  i ve a-a potent  ia1 

Akaishi  and the present author proposed an a- c lus te r  l a t t i c e  model of 

nuclear matter2,  where nucleons i n t e r a c t i n g  through a  nucleon-nucleon 

i n t e r a c t i o n  a re  t rea ted  e x p l i c i t l y ,  ins tead o f  assuming the r i g i d  a-par- 

t i c l e s  from the ou tse t .  The model wave- function i s  able t o  descr ibe 

the plane wave Fermi gas as a  1 imi t o f  the v a r i a t i o n a l  parameter, ma- 

k i n g  i t  poss ib le  t o  t r ace  the a- c lus te r i ng .  We adopted the simple cub ic  

l a t t i c e  s t ruc tu re ,  and s tud ied the a - c l u s t e r i n g  o f  nuclear matter  w i t h  

respect t o  the average dens i ty .  Based on a  s i m i l a r  idea, B r i n k  and 

Castro employed three d i  f f e r e n t  types o f  cubi c  s t ruc tu res  (s imple, body 

centred, and face centred),  and c a r r i e d  ou t  the ca l cu la t i ons  us ing  two 

k inds  o f  e f f e c t i v e  i n t e r a c t i o n 3.  A conclusion commn t o  these works i s  

t h a t  nuclear matter, a t  normal dens i t i es ,  p re fe rs  the plane wave Fermi 

gas s t r u c t u r e  t o  the a- c lus te r ;  however, the a- c lus te r  l a t t i c e  s t r u c t u -  

re  becomes more s tab le  as the dens i ty  decreases. From the l oca l  densi-  

t y  p o i n t  o f  view, t h i s  r e s u l t  i s  i n te rp re ted  as the s i t u a t i o n  on the 

nuclear surface o f  f i n i t e  n u c l e i .  

Morinaga proposed a  l i n e a r  a- chain model t o  exp la in  the r o t a t i o n a l  bands 

w i t h  la rge moment o f  i n e r t i a  which are observed i n  the exc i t ed  s ta tes  

o f  some l i g h t  nuc le i 4.  Ikeda, Hor iuchi  and Suzuki analyzed var ious ob- 

served q u a n t i t i e s  concerning the bands i n  12c and 160, and a l so  exami- 

ned the s tab i  li t y  o f  the 1 i near  mul t i- a- cha in  s t r u c t u r e 5.  

Now, i n  view o f  the poss ib le  r e a l i t y  o f  the  l i n e a r  a- chain s t r u c t u r e  , 
i t  i s  i n t e r e s t i n g  t o  study the a- c lus te r i ng  o f  nuclear matter  w i t h  me-, 

two- and three-dimensional geometry. We make use o f  the a- c lus te r  l a t -  

t i c e  model o f  Ref.2, w i t h  minor mod i f i ca t i on  t o  account f o r  the  defor -  

mat ion o f  a- c lus ters .  A density-dependent e f f e c t i v e  i n te rac t i on ,  g iven 

by Sprung and ~ a n e r j e e ~ ,  i s  used. The m d e l  i s  formulated i n  Sect. 2 .  

Resul ts and d iscuss ion are  given i n  Sect. 3. 



2. VARIATIONAL WAVE FUNCTION AND ENERGY EXPECTATION VALUE 

I n  order t o  describe the l i nea r ,  square and cubic a - l a t t i c e  s t ruc tures  

o f  nuclear matter, we take a va r i a t i ona l  wave func t ion  expressed by a 

S la te r  determinant o f  orthonormal w . f .  qk : 

where 

X(O,T) denotes the spin- isospi  n func t ion .  An o rb i  t a l  s ta te ,  qJk V i s  

occupied by two protons, and two neutrons. The func t ion  $(r-ndT i s  a - - 
s ing le  p a r t i c l e  wave func t ion  which character izes the motion o f  a nu- 

cleon around the n - t h  l a t t i c e  po in t .  I n  Eq.(2), d i s  a pe r i od i c  d is -  

tance, and L i s  the s i z e  o f  the normal iza t ion  box; I takes the values 

1, 2 and 3, according t o  the l i nea r ,  square and cubic s t ruc ture ,  and, 

correspondingly, the vector  n_ i s  (0,0,n ) ,  (0,n ,n ) and (nx n nZ) ,  
Z Y Z  Y' 

n being an in teger .  The normal izat ion fac to r  Nk i s  g iven by i " 

i k n d  
Nk = C e -- < $ (z) l $ ( r -nd)>  - - . - n 

We consider a cubic Fermi surface (-kFSC. 2 kxyy,r; 5 kF.,..) correspon- 

d ing  t o  the simple cubic l a t t i c e  s t ruc tu re ,  s i m i l a r l y  square and l i n e a r  

Fermi surface. A nusleons occupy the phase volume 4(2kF.,..)' L'/( 2n)' 

and so the average densi t y  p i s  re la ted  t o  kFSC. by 
o 



Suppose tha t  each l a t t i c e  contains fou r  nucleons i n  average (p d = 4); 
O 

we get  the r e l a t i o n ,  

between the l a t t i c e  distance and the Fermi momentum. The Fermi mmen- 

tum kFaS  def ined i n  the Fermi sphere t o  g ive  the same average densi t y  

p, i s  re la ted  t o  k F e C  by 

We adopt a simple Gaussian wave func t i on  f o r  $(r) i n  Eq. (2) : .. 

The s i z e  parameters b  are taken as fo l l ows :  

b  = b  = b  o bZ = b  f o r  1-dim., 
X Y  

bx = bo b  = b  = b  f o r  2-dim., 
Y Z 

(8) 

The Hami l t o n i a n  cons is ts  o f  the k i n e t i c  energy p lus  an e f f e c t i v e  two- 

-body i n te rac t i on ,  

For vij we use the GO-force given by Sprung and ~ a n e r j e e ~  which i s  ex- 

pressed as a sum of  f i v e  Gaussian wi t h  d i f f e r e n t  ranges and a p1/6 den- 

s i  t y  dependence : 

where S and T denote sp in  and isospin,  respect ive ly .  



Now we present the expression o f  the  energy expecta t ion  value w i t h  res- 

pect  t o  the t r i a l  wave func t i on  (1) w i t h  Eqs.(2)-(8). 

where EI, TI and VI a re  the t o t a l ,  k i n e t i c  and p o t e n t i a l  energies per 

p a r t i c l e ,  respect ive ly ,  o f  the I- dimensional  a - l a t t i c e  nuclear matter .  

The v a r i a t i o n a l  parameters are  b o  and b ,  cha rac te r i z i ng  the s i z e  o f  the 

a -c lus te r  and the  Fermi momentum k (or, equ iva lent ly ,  the l a t t i c e  F.C. 
A f t e r  some algebra, the expressions are obtained as f o l -  distance d)  . 

lows : 

and 

where the d i  r e c t  and exchange c o n t r i  but ions,  vP and E' e levated t o  the 

I - t h  power i n  the previous equation, a re  given by 



0 I (O1- 02)/2 and O 5 (e1 + e2)/2, 
1 2  1 2  

where t h e  i n t e g r a t i o n  v a r i a b l e  k / k  i s  denoted by 8. 
F.C. 

I n  Eqs. (14) and (15) ,  t h e  s u b s c r i p t  y s p e c i f y i n g  t h e  f o r c e  range i s  

omi t t e d  f o r  conciseness.  Express ions o f  and E f o r  t h e  p- independent 

p a r t  o f  Eq.(13) a r e  o b t a i n e d  by p u t t i n g  a l l  6 equal  t o  1 i n  Eqs. (14) and 

(15) .  The v a r i o u s  f u n c t i o n s  i n  Eqs. (14) and (15) a r e  d e f i n e d  as 



SI i n  Eq. (13) concerns the m a t r i x  e l e m n t  o f  p1/6 wi t h  respect  t o  the 

center-of-mass wave func t ions  o f  two i n t e r a c t i n g  nucleons i n  an a-c lus-  

t e r :  

whe re  

wi t h  pa(Z) = ( h b ) - '  exp( -Z2/b2), Z be ing one 

nates, and hence n(b)  = ( l 2 / l 3 )  ' I 2  ( ~ n b ) - ' / ~ .  

: o f  the Cartesian coord i -  

5 .  i n  Eqs. (14) and (15) are  def ined as the r a t i o  o f  the m a t r i x  element 
3 

o f  p ' l 6  o f  nuclear matter  t o  t h a t  o f  a - p a r t i c l e :  

The dens i ty  d i s t r i b u t i o n  p (z )  i n  the d i r e c t i o n  o f  extended mat ter  i s  

g iven by 

1 

p (z )  = ( f i b ) - I  delf ( e )  i .-(z'nd)2/b2+fl (e) e exp(- (z- ( n + i ) d )  ' /b7 i 
n n 

ifo <e>  + fl (e)?.  

The dens i ty  d i s t r i b u t i o n  p(Z) i s  c l e a r l y  p e r i o d i c :  

p(Z+d) = P(Z) 



and hence 

As seen i n  Eqs. ( l 4 ) ,  (15) and (231, the densi t y  dependence o f  the e f f e c  

t i v e  i n t e r a c t i o n  works through on l y  f ou r  numbers ( j = 0 ~ 3 )  (ac tua l  l y  

three because ql = q 4 )  i n  the present model . 

We have th ree v a r i a t i o n a l  parameters: the l a t t i c e  d is tance ( d i  s t a n c e  

between c loses t  two a- clusters) ,  d  (o r  equ i va len t l y  the Ferrni momenturn 

kFSC. )  and b  and b  cha rac te r i z i ng  the s i z e  o f  a- c lus te rs  i n  the d i rec -  
o 

t i o n  perpendicular  and p a r a l l e l ,  respect ive ly ,  t o  the extended matter .  

The r a t i o  b / d  i s  an important  measure o f  a -c lus te r i ng .  I f  the r a t i o  

b / d  increases, the wave func t ions  o f  a- c lus te rs  over lap  each o the r  and 

the nuc lear  mat ter  i s  supposed t o  tend t o  the o rd ina ry  p lane wave Fer- 

m i  gas. I n  f a c t ,  we can prove t h a t  the  expressions (221, (12) and (13) 

tend t o  the  f o l l o w i n g  forms i n  the I i m i t  o f  b / d  -+ m: 

and 



By pu t t i ng  2' equal t o  3, we can see that  Eqs . (25) and (26) are j u s t  

those o f  plane wave nuclear matter w i th  cubic Fermi surface. On the 

other hand, i n  the 1 i m i  t o f  b/d + 0, Eqs . (1 2) and (1 3) tend t o  

and 

which corresponds t o  the energy per p a r t i c l e  o f  an a- c luster  ( inc lud ing 

the c.m. motion) confined around one o f  the l a t t i c e  points.  

3. RESULTS AND DISCUSSIONS 

I n  order t o  v i sua l i ze  the a- c luster ing o f  nuclear m t t e r ,  we show the 

density p(Z) o f  Eq. (22) i n  Fig.1 f o r  d i f f e ren t  values o f  the r a t i o  b/d. 

We see tha t  b/d 2 1 already produces almost constant density d i s t r i bu -  

t ion. I n  connection wi t h  th i s ,  we evaluate the overlap o f  the wave 

funct ion (2) w i t h  the plane wave. The overlap f o r  the three-dimnsio- 

na1 case i s  given by 

3 
ikr 3 2 e L $ 1  = n O(b/d,ki/k,.C. 1, - i = l  



Fig.1- The dens i ty  d i s t r i b u t i o n  ~(2) i n  the d i r e c t i o n  o f  one o f  the 

Cartesian coordinates fo r  some values o f  the r a t i o  o f  the s i z e  o f  a- 

- c l u s t e r  b t o  the l a t t i c e  distance d. 

Fig .  2 - The over lap  between the s i n g l e  p a r t i c l e  l a t t i c e  wave func t i on  

and the plane wave. 



The f u n c t i o n  O i s  shown i n  Fig.2. As i s  expected, o n l y  the  s t a t e s  c l o -  

se t o  t h e  Fermi s u r f a c e  d e v i a t e  a p p r e c i a b l y  f rom the  p lane  w a v e  and, 

f o r  b /d  2 1, t h e  a - l a t t i c e  wave f u n c t i o n  (1)  a lmost  c o i n c i d e s  w i t h  t h e  

o r d i n a r y  Fermi gas wave f u n c t i o n .  Note t h a t  t h e  normal densi t y  o f  nu- 

c l e a r  m a t t e r  ( k F e C  = 1.36 fm-')  corresponds t o  k F . C  = 1 . I 0  fm-' and 

d = 2.86 fm. The v a l u e  o f  b i s  about  1 . 4  fm. i n  t h e  f r e e  a - p a r t i c l e .  

C a l c u l a t e d  energ ies  f o r  v a r i o u s  k F - C  a r e  drawn i n  F i g .  3 ,  as f u n c t i o n s  

o f  t h e  s i z e  parameter  b ,  The parameter b ,  i s  f i x e d  t o  1.75 fm f o r  b o t h  

t h e  one- and two-dlmensional cases. I n  t h e  three- dimensional  n u c  1 e a r  

m a t t e r  w i t h  kFVC above 0.7 fm-', t h e  b i n d i n g  energy increases w i t h  b ,  

i n d i c a t i n g  t h a t  t h e  p lane  wave s t r u c t u r e  co r respond ing  t o  b = i s  more 

s t a b l e  than  t h e  a - c l u s t e r  l a t t i c e  s t r u c t u r e .  For k ~ . ~ .  l e s s  than  0.7 

fm-', t h e  energy minimum appears a t  f i n i t e  va lues  o f  b , showing t h a t  

t h e  a - c l u s t e r  s t r u c t u r e  tends t o  be more s t a b l e .  T h i s  r e s u l t  i s  con- 

s i s t e n t  w i t h  t h e  p r e v i o u s  ones2> 3 .  By comparing t h e  th ree- ,  two- and 

one-dimensional cases, we see t h a t  t h e  c r i t i c a 1  kF.C i s  a lmost  common 

t o  a11 cases, however t h e  energy curves become f l a t  w r t  b even a t  h i g h  

d e n s i t y .  I n  t h e  one-dimensional case o f  k F.C. = 0.9 fm-' ,  t h e  energy 

d i f f e r e n c e  between t h e  p lane  wave s t r u c t u r e  and the  a - c l u ç t e r  s t r u c t u r e  

w i t h  b= 1.75 i s  o n l y  0.3 MeV. T h i s  i n d i c a t e s  t h a t  b o t h  s t r u c t u r e s  a r e  

e a s i  l y  t r a n s f e r a b l e  wi  t h  each o t h e r .  

I n  o u r  l a t t i c e  model, t h e  a - c l u s t e r s  we always c o n f i n e d  around t h e  l a t -  

t i c e  p o i n t s  and t h e r e f o r e  t h e  energy e x p e c t a t i o n  va lue  i n c l u d e s  t h e  ze- 

r o  p o i n t  o s c i l l a t i o n  energy o f  t h e  c.m. o f  the  a - c l u s t e r s ,  as can be 

t y p i c a l l y ,  seen i n  Eq.(27) f o r  t h e  low d e n s i t y  l i m i t .  T h i s  i s  n o t  q u i t e  

r e a l i s t i c  i n  s*uch s i t u a t i o n s  t h a t  t h e  average d e n s i t y  i s  low and t h e  

o v e r l a p  between t h e  a-c1 u s t e r s  i s  smal I, because t h e  a-c1 u s t e r s  are con- 

s i d e r e d  t o  be a b l e  t o  move around w i t h  a  smal l e r  z e r o  p o i n t  energy.  I t  

i s  beyond t h e  scope o f  t h e  p r e s e n t  approach t o  e s t i m a t e  p r e c i s e l y  how 

much energy can be r e l e a s e d  f rom the  c.m. k i  n e t i  c  energy o f  t h e  a - c l u s -  

t e r s  i n c l u d e d  i n  t h e  va lues  o f  F ig .3.  However, i t  can be 1/16.%~/i%*at 

maximum. There fo re ,  i f  t h i s  p o s s i b i  1 i t y  i s  taken i n t o  c o n s i d e r a t i o n  , 
the  a - c l u s t e r  s t r u c t u r e  i s  p robab ly  more s t a b l e  than  t h e  p l a n e  wave 

s t r u c t u r e ,  a t  l e a s t  i n  t h e  one-dirnensional case. 





Fig.4 shows t h e  energ ies  versus k ( o r  d )  f o r  two va lues o f  b : 1.75 
F.C. 

and 2.5 fm; b,  i s  f i x e d  aga in  t o  1.75 fm. The energy minimum i s  o b t a i -  

ned a t  kF.C = 1 .Os, 0.95 and 0.85 fm-' f o r  t h e  three- ,  two- and one- 

-dimensional cases, r e s p e c t i v e l y .  The va lue  kF.C. = 1 .O5 fm-' co r res-  

ponds t o  t h e  normal d e n s i t y  o f  n u c l e a r  mat te r .  The corresponding b i n -  

d i n g  energy i s  less  by 3 MeV than t h a t  o f  the  usual Fermi sphere, f o r  

which the  GO-force i s  a d j u s t e d  t o  g i v e  16 MeV p e r  p a r t i c l e .  T h i s  i s  

because o f  t h e  c u b i c  fo rm o f  the Fermi su r face .  The va lue  kFmC = 0.85 

fm-' i n  the  one-dimensional case corresponds t o  t h e  l a t t i c e  d i s t a n c e  

d = 3.7 fm. Th is  suggests t h e  p i c t u r e  t h a t  t h e  a - p a r t i c l e s  a r e . i n  l i n e  

i n  c o n t a c t  wi  t h  the  neighbours, s i n c e  the  r.m.s. r a d i u s  o f  a - p a r t i c l e  

i s  about  1.6 fm. Th is  f a c t  i n d i c a t e s  t h a t  t h e  a - p a r t i c l e - c h a i n  s t r u c -  

t u r e  shou ld  appear, i f  the 1 i n e a r  geometry i s  r e a l  i z e d  due t o  some phy- 

s i  c a l  e f f e c t : ~ .  

L e t  us see f i n a l l y  t h e  s u b t l e  p o i n t  o f  the  dependence on the  parameter 

bo . The energ ies  versus b ,  a r e  shown i n  F i g .  5; b and k a r e  f i x e d  
F.C. . 

t o  1.75 fm and 0.9 fm-' r e s p e c t i v e l y .  The energ ies  i n  Fig.5 i n c l u d e  

t h e  c.m. k i n e t i c  energy o f  each a - c l u s t e r .  We see t h a t  the  energy m i-  

nimum s h i f t s  t o  t h e  s m a l l e r  bo values f o r  l a r g e r  d imensional  case as 

i n d i c a t e d  by the arrows, showing t h a t  the  a - c l u s t e r  tends t o  be com- 

pressed i n  the  d i  r e c t i o n  p e r p e n d i c u l a r  t o  t h e  extended m a t t e r .  I n  some 

sense t h i s  must be a consequence o f  the  s a t u r a t i o n  p r o p e r t y  o f  n u c l e i  . 

The main r e s u l  t o f  t h i s  paper i s  summarized as f o l  lows. A l though t h e  

p lane  wave Fermi gas s t r u c t u r e  i s  favoured i n  the  three- dimensional  nu- 

c l e a r  mat te r  which i s  supposed t o  correspond t o  t h e  ground s t a t e s  o f  

n u c l e i ,  the  l i n e a r  a- chain s t r u c t u r e  w i t h  the a- a  d i s t a n c e  o f  about 3.5 

fm i s  expected t o  appear as the  most s t a b l e .  i f  t h e  one-dirnensional 

geometry i s  r e a l i z e d  i n  the e x c i t e d  s t a t e s  o f  n u c l e i .  
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Fig .  4 - Tota l  energies per  p a r t i c l e  p lo t ted .  as a f unc t i on  o f  the Fermi 

momentum k F e C  f o r  two values o f  the s i z e  parameter o f  the a- c l u s t e r  b.  

bo i s  f i x e d  t o  1.75 f m - ' .  



APPENDIX 

The o r thogona l i t y  o f  the bas is  f unc t i on  ( E q . ( 2 ) )  i s  proved gene- 

r a l l y  from i t s  p e r i o d i c  synunetry. For s i m p l i c i t y ,  p roof  i s  g iven fo r  

the one-dimensional case. 

Equation (2) can be w r i t t e n  as 

The func t i on  %(x) i s  c l e a r l y  pe r i od i c ,  s a t i s f y i n g  

The f o l l o w i n g  p roo f  can be done by us ing  on l y  the func t i ona l  form (A.1) 

and the p e r i o d i c  symmetry ( A . 3 ) ,  wi thou t  reference t o  t h e  s p e c i f  i c  

f unc t i on  (A.2). 



F i g .  5 - T o t a l  energ ies  p e r  p a r t i c l e  f o r  t h e  one- and two- dimensional  

cases p l o t t e d  as a f u n c t i o n  o f  t h e  parameter  b ,  a r e  compared wi  t h  the  

s i n g l e  a - p a r t i c l e .  The parameters k F . C  and b a r e  f i x e d  t o  0.9 fm-'  

and 1.75 fm, r e s p e c t i v e l y .  See t e x t  f o r  f u r t h e r  e x p l a n a t i o n s .  
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