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The "spin" t ransformat ion p rope r t i es  f o r  a f r ee  p a r t i c l e ,  i n the 

Moller and Weissenhoff forrnulat ions are  studied.  The r e s u l t s  o f  a 

previous paper by the present authors' are reobtained. 

Estudam-se as propriedades de transformação do "spi n" , para u m a   p a r t  í-

cu la  l i v r e ,  nas formulações de Mol l e r  e Weissenhoff. Reobtêm-se os 

resul tados de t raba lho a n t e r i o r ,  dos presentes autores',  na formulação 

de Mol ler .

1. INTRODUCTION 

Years ago, we discussedl  the e f f e c t s  o f  sp in  i n T h i r r i n g ' s 2 Lorentz 

covar ian t  approach t o  g r a v i t a t i o n .  For t h i s  purpose, we used Weisse-

nho f f  ' s 3  treatnient i n  order  t o  study the dynamics o f  sp inn ing p a r t i -

c l e s i n  spec ia l  r e l a t i v i  t y .  Subsequent l y ,  W a l d 4has considered the 

e f f e c t s  o f  s p i n  i n  the motion o f  p a r t i c l e s  i n  the framework o f  general 

r e l a t i v i  t y  ( i n  lowest o rder  o f  C ) ,  by us ing Moll e r ' s 5  fo rmula t ion  i ns -

tead o f  weissenhoff 's3.  
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wald4 c r i t i c i z e s  Weissenhoff condi t i o n  (which he c a l  1s P i  r a n i  condi  t i -  

on) , 

by s t a t i n g  t h a t  t h i s  e q u a t i o n  does n o t  determine the  mot ion  o f  t h e  par- 

t i c l e  i n  a  unique way. Indeed, c o n d i t i o n  ( 1 )  i s  compat ib le  w i t h  h e l i -  

c o i d a l  mot ions,  w i t h  non c o n s t a n t  s p i n .  The s t u d y  o f  these s o l u t i o n s  

shows3 t h a t  they  depend on an a r b i  t r a r y  c o n s t a n t ,  namely, 

T h i s  amb igu i t y  comes frorn t h e  f a c t  t h a t  w e i s s e n h o f f 3  takes "any p o i n t "  

z o f  t h e  p a r t i c l e  as i t s  " r e p r e s e n t a t i v e  p o i n t " .  wa ld4  s h o w s  t h a t  

t h i s  reasoning i s  n o t  c o r r e c t  s i n c e  a  body w i t h  s p i n  cannot  be reduced 

t o  a  p o i n t ,  and, t h e r e f o r e ,  t h e  cho ice  o f  z cannot  be a r b í t r a r y .  
li 

The c o r r e c t  r e p r e s e n t a t i v e  p o i n t  t h a t  leads t o  a  unique s o l u t i o n  o f  

the  problem - c o n s t a n t  s p i n ,  and mrnentum, f o r  a  f r e e  p a r t i c l e  - i s  

M t l l l e r ' s  c e n t e r  o f  g r a v i t y ,  X ( ~ e f . 5 ) .  W i t h  t h i s  p o i n t ,  we have t h e  
Fi 

c o n d i t i o n :  

where P i s  t h e  f o u r  momenturn o f  the  " p a r t i c l e " ,  and S i t s  s p i n  w i t h  
Fi UV 

respec t  t o  t h e  c e n t e r  o f  g r a v i t y ,  X . 
Fi 

and P a r e  b o  t h  conserved 
li 

( f o r  a  f r e e  p a r t i c l e ,  which i s  the  case under c o n s i d e r a t i o n ) .  

The purpose o f  t h i s  paper i s ,  f i r s t ,  t o  g i v e  ano ther  argument í n  f a v o r  

o f  M t l l l e r ' s  d e s c r i p t i o n  o f  spin,and,second t o  o b t a i n  the  r e s u l  t s  o f  

o u r  p r e v i o u s  paperl  i n  t h e  p r e s e n t  c o n t e x t .  

I n  5 1 ,  we d iscuss  

t r a n s f o r m a t i o n s .  

f o r m u l a t i o n ,  i s  a  

i t  i s  n o t .  I n  92 

p r e s e n t  c o n t e x t ,  

t h e  t r a n s f o r m a t i o n  p r o p e r t i e s  o f  S  under L o r e n t z  
Fiv 

We show t h a t ,  f o r  a  f r e e  p a r t i c l e ,  SUv, i n  M811er1s 

t r u e  second o r d e r  tensor ,  w h i l e  i n  t h e  Weissenhof f  

, we o b t a i n  t h e  r e s u l t s  o f  o u r  p r e v i o u s  paperl  i n  t h e  

i .e . ,  i n  M t l l l e r ' s  f o r m u l a t i o n  o f  s p i n .  



9 1 .  Fol lowing weissenhoff3, l e t  us def ine S i n  the proper frame o f  
1-iv 

the p a r t i c l e .  In  o ther  Lorentz frames, we would ob ta in  S' by the 
1-iv 

usual r u l e  f o r  t ransformat ion o f  tensors. Let  us, then, consider the 

problem from the po in t  o f  view o f  a f l u i d  w i t h  a sp in  dens i ty  tensor 
+ 

~ ~ ~ ~ ( t , x ) .  The t o t a l  sp in  i s  def ined, i n  any Lorentz frarne, by 

I n  another Lorentz frame, ( t i ; ' ) ,  we have instead 

Now as x = a x' , from ( 4 )  and ( 5 )  i t  fo l lows:  
1-i I.iv v  

and, therefore,  S w i  1 1  be a second order tensor onl  y i f S 
uvh , X = o .  w 

This l a s t  condi t i o n  does not  ho ld  i n  ~ e i s s e n h o f f  ' s 3  theory, as then 

and, there fore ,  

I n  MUI l e r ' s 5  theory, the sp in  i s  conserved: 

d 
;Zt s a ~  = O ' 

and, therefore,  the correspondi ng spi  n f 1 u i  d equation i s  

apSaB1-i = O 9 



where U i s  the four  ve loc i  t y  and s i s  the sp in  densi t y ) .  
Fi a6 

Therefore, i n  M u l l e r ' s  formulat ion,  the sp in  S i s  a t rue  second order 
lJv 

tensor . 

52. Let us now introduce 

We have: 

and, therefore,  

I t  a l s o  holds that 

and, therefore,  :;(yl',, qiven by Eq .  (1 I ) ,  i s  conserved as we already knew 

( c f .  E q . 7 ) .  



Eq. (12) can be rewr i t t e n  as 

This equat ion reduces t o  Eq.(17), o f  Ref.1, i n  the order worked ou t  i n  

t h a t  paper. Therefore, the  resul  t s  o f  g rav i  t a t i o n a l  spin- spin in terac-  

t i o n ,  sp in- o rb i t ,  and s c a t t e r i n g  o f  a l i g h t  bearn by a spinning p a r t i c l e ,  

remain the same as i n  Ref.1. 
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