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We invest iga te  the re la t i onsh ip  between the Johnson-Baranger time-de-

pendent fo lded diagram (JBFD) expansion, and the time i ndependent 

methods o f  pe r tu rba t i on  theory. I n  the nondegenerate case, we show 

tha t  the JBFD expansion and the Ray l e i  gh-Schrddinger pe r tu rba t i on  ex-

pansion, for the ground s ta te  energy, are i d e n t i c a l .  On the o ther  hand, 

we show, i n  the degenerate case, tha t ,  f o r  the nonhermit ian e f f e c t i v e  

i n t e r a c t i o n  consi dered i n  t h i  s paper, the JBFD expansion, o f  t he  

e f f e c t i v e  i n te rac t i on ,  i s  equal t o  the pe r tu rba t i ve  e x p a n s i o n  o f  the  

e f f e c t i v e  i n t e r a c t i o n  o f  the nonhermit ian eigenvalue problem o f  Bloch 

and Brandow-Des Cloizeaux. For the two hermi t i a n  e f  f e c t  i v e  in terac-

t ions ,  considered i n  t h i s  paper, the JBFD expansion o f  the e f f e c t i v e  

i n t e r a c t i o n  d i f f e r s  from the pe r tu rba t i on  expansion o f  the  e f f e c t i v e  

i n t e r a c t  ion  o f  the hermi t i a n  eigenvalue problem o f  Des Cloizeaux. 

Neste t rabalho,  i nves t i  gamos a conexão en t re  a expansão em "diagramas 

dobrados" de Johnson e Baranger (JBFD) e os métodos de t e o r i a  de per-  

turbação independente do tempo. No caso não degenerado , mostramos que, 

a expansão de Rayleigh-Schrddinger e de JBFD são idênt icas .  No caso 

degenerado, mostramos que, para a i nteração e f e t i v a  não hermi t iana ,

considerada neste t rabalho,  a expansão da interação e f e t i v a  em JBFD é 
idên t i ca  à expansão da interação e f e t i v a  da equação de autovalores não

hermit iana de Bloch e Brandow-Des Cloizeaux. Para as duas interações
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e f e t i v a s  hermi t i  anas , consi de radas neste t raba l ho, a expansão da i n te-  

ração e f e t i v a  em JBFD d i f e r e  da expansão da i n te ração e f e t i v a  da equa- 

ção de autovalores hermi t i ana  de D e s  C l o i z e a u x .m a -  3 $ti .ii3112,ib 6 2 oi i  

e f  f e c t  i ve Hami 1 ton ian  i s  o f  g reat  @k&W i4r5sW99\~?2:%,ef l@~~qgi3 

ties of n uc 1 e i (see Ref .5f!\f&v '&&-&$&&'L S'C :,bc:iliz;'-~in$J . ' t . ~ i i ? ?  yh o~c;;izr;; 

ô;C I - i ,  c~IsP.! c,:> r!: ili* ~ b , : i ~ ~ ? t i  
The are many d i  f f e r e n t  approaches f o r  d e r i v i  ng the e f f e c t i  ve i n te rac-  

t i o n ,  and the equivalence o f  these var ious approaches i s  n o t  a t  a l l  

ob ious. 
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the e f f e c t i v e  Hami l tonian f o r  o rd ina ry  (non-many-body) quan'tum systems. 
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As an example o f  t h i s  decomposition, suppose t h a t  one o f  t h e e i g e n v a -  
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~ ~ f i j n c t i o n s  span the mode l sp,vq  -2,o ,í:ifid the p r o j e c t  ion  opera tor  P, , 
* i !  

i s  equal t o  

z bnr 
P, = C la,><a,( . (1.2) 

a E 51, 
, ( ,.I$ - ,L\:, , !? a; 

i \ c " .  + (ir  = ' 
A l l  the o the r  e igenfunct ions  belong t o  the orthogonal space. When we 
.( 8 í 
int rdduce the i n te rac t i on ,  .:t!e begenerach 1s ,Jn general, 1 i f ted, and . 
we ob ta in  D e igenfunct ion$ o f  d ,  which s a t i s f y  

p . \  C .' 1 r I 
&t&d D e igenfunct ions  ?f R .fia; a sub.s$ace, 4, o f  the f u l  l Hi l b e r t  

space o f  dimension D, and the p r o j e c t i o n  operator  on R i s  
::vir. c ,  , i 

. - r  p = C I d J a W a l  . , 
'L .',' r \  t i d , E , R  - -  - 1 , ,r - 

< i  
r )  \ 

I -' 
I n  Refs.2, 3 and 4, the eigenvalue problem ( 1 . 3 ) ~  which i s  de f ined i n  

the f u l l  H i l b e r t  space, i s  replaced by an eigenvalue problem def ined 
' A , - I ? W -  ~ I G I ~ ? C > S - I  ~ d ?  p n r ~ i  ! * - - ) o  

i n  the model space R,: 

C*> 

32 -E 
~I%td'~ i 5 the m d e l  ' ~ i i i  1 b%nian, and kl i s the ene  r gy independent 

e f f e c t i v e  i n t e r a c t i o n .  This replacement i s  made on l y  f o r  the D eigen- 

func t ions  i n  R. I n  the  Bloch equat ion2,  the eigenal%!"I~o6ie$ 7'134~ 

where I $  > i s  the p r o j e c t i o n  o f  I $  > on R, : 
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and U i s  

The equation of ~randow' and Des ~ l o i z e a u x ~  reads 

(E, P,, + PDC - E ~ )  14 >= o , 
a o 

(1.9) 

whe re kB-DC i s g i ven by 

1 d n  PDC= r - p0 ( - K ( E , , ) )  ( w  B-DC ) n  
n! 9 

n=O a € :  

K ( E ~ )  being the react ion matr ix 5 

The perturbat ion expansion o f  (1.10) i s  given i n  Ref.3: 

where Wn i s  given by 

and {p1 ,p2  ,..., pn) i s 3  



- ~ ( r , )  denoting the pth der ivat ive o f  the react ion matr ix.  

8 0  

The v ' s  above are pos i t i ve  integers sa t i s fy ing  the re la t ions 

The perturbat ion expansion (1.12) gives r i s e  t o  the folded diagram ex- 

pansion o f  Brandow. 

In  Refs. 3 and 6, i t  i s  shown that  w ~ - ~ ~ =  w B .  Besides, the proof g i -  

ven i n  Ref.6 i s  based on Eqs. (1.7) and (1.8). 

In  order t o  transform the nonhermit 

a hermit ian one, Des Cloizeaux rewr 

form2' 3 :  

ian eigenvalue prob 

i t e s  Eq.(1.5) i n  

A and B being hermi t i a n  operators, and 

B w = AB-I . 

lem, ( l .S),  i n t o  

t h e  f o l  lowing 

The states {/sa '1 are the s ta ter  biorthogonal t o  the states { I @  51 . 
o a o 

The operator B i s a pos i t ive de f i n i  te  operator2'  3 ' 4  wh ich transforrns 

the states ( I $  i n t o  the states { I $  >),  namely, 
ao  a o  

B Ka0> = I@, > . (1.18) 
o 

Considered as an operator act ing i n  R,, B has an i n ~ e r s e * ' ~ ' ~ :  

üef in ing the square root  operator, B " ~ ,  which i s  herrni t i an  and posi- 



t i v e  d e f i n i t e ,  Eq.(1.16) can be w r i t t e n  as 

' r  >t.)' ' 3  ' , I -  L - .  Ç *  . ,?5 - ---' 

( B - ' / ~  A B - ' / ~  - (E - r , ) )  I;, > = O,  (1.20) 
o - ,  c r L í:- 17 ", , ' 

where > = B' /? 1% > a re  the so-cal l ed  half-way bases s t a t e s 3 ' *  
o o 

The operator  

.,v'.., -3 %: > - 3 , -  : > c  
i s  the hermi t ian  e f f e c t i v e  i n t e r a c t i o n  o f  Des Cloizeaux . 
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ga t i on  regarding the r e l a t i o n s h i p  between the Johnson-Baranger fo lded 
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I n  the case o f  nondegenera-te pe r tu rba t i on  theory, we compare the JBFD 

kxpa"sion wi t h  thè ~ a y  le , igh-~chor f jd in~er  e ipansion5.  

For the degenerate pe r tu rba t  i on T k o r y , '  we' .isohpard ' t k  pe'r'turbat 'c'on ex- 

pansion o f  Bloch's nonhermi t i a n  e f f e c t i v e  i n te rac t i on ,  Eq. ( l . 5 ) ,  w i t h  

t t ie  JBFD expansion o f  the  e f f e c t i v e  i n te rac t i on ,  when the l a s t  t ime o f  

the "box" i s  chosen as i t s  t ime base. I n  the hermi t i a n  case, we com- 

pare the pe r tu rba t i on  expansion o f  the  e f f e c t i v e  i n t é r a c t i o n  -of Des 

Claí-aeux,  Eq. ( 1 . 2 0 ) ;  to the JBFD expansion o f  t he  e f f e c t i v e  i n te rac -  

t i o n  f o r  the two s impleçt  s y m t r i c a l  choiceç o f  the "box" t ime base : 

an average o f  the  f i r s t  and l a s t  times o f  each box, and a l i n e a r  com- 

b i i ha t i on  o f  the f i r s t  and l a s t  t imes o f  each box. 

2. OUTLINE OF THE JOHNSON-BARANGER FOLDED DIAGRAM EXPANSION 
, h ,  r ,  

The bas ic  po in t ,  i n  the  Johnson-Baranger d e r i v a t i o n  o f  the fo lded  d ia-  

gmn expansion o f  t he  e f f e c t i v e  i n te rac t i on ,  i s  the  exact  repiacenient 
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of  the m a t r i x  elements o f  the t ime- evo lu t ion  operator  T(+co,-m) ,between 

s ta tes  i n  the model space, by a  model. t ime e v o l u t i o n  operator  T (+c.,-m). 

The intermediate s ta tes  o f  the m d e l  t ime e v o l u t i o n  operator  are a c t i -  

ve s ta tes  only.  The a c t i v e  s ta tes  are  connected by the e f f e c t i v e  i n -  

t e r a c t i o n  r,. I t  i s  shown, i n  Ref .l, t h a t  the eigenvalues o f  the rrodel - - 
Hamiltonian, H, H = P H +H are equal t o  the t rue  eigenvalues, Ea. We 

o o 1 '  

g ive  below an o u t l i n e  o f  the Johnson-Baranger de r i va t i on .  

Consider the m a t r i x  elements o f  ~ ( t , t ' )  between s ta tes  i n  t h e  model 

space, as shown i n  Fig. 1 .  The pe r tu rba t i on  expansion o f  T(t,tl) i s  

ca l cu la ted  according t o  the usual Feynman ru les .  I n  the e v o l u t i o n  o f  

the system, the intermediate s ta tes  can be a c t i v e  o r  passive s ta tes  . 
However, the m a t r i x  elements shown i n  Fig.1 can be w r i t t e n  i n  such a  

way t h a t  the intermediate s ta tes  a re  a c t i v e  s ta tes  on ly ,  as shown i n  

Fig.2.  The a c t i v e  s ta tes  are connected by a  "box", whose Fou r i e r  

t ransform i s  the reac t i on  mat r ix ,  E q . ( l . l l ) .  The reac t i on  m a t r i x  i s  

no t  instantaneous; i t  has an ex ten t  i n  t ime. The next  step i s  t o  re-  

place,  everywhere, the "box" by an i nstantaneous i n t e r a c t  ion,  as shown 

i n  Fiy.3.  The t ime a t  which the instantaneous i n t e r a c t i o n  w i l l  a c t  , 
the "box" t ime base, i s  completely a r b i t r a r y .  However, the ins tanta-  

neous i n t e r a c t i o n  i s  hermi t ian  on l y  i f  the choice o f  t h e  t ime base 

preserves the symmetry between past  and fu tu re .  

I n  the above replacement, we have t o  make sure t h a t  the model descr ip-  

t i o n  i s  equ iva lent  t o  the t rue  desc r i p t i on .  This i s  e a s i l y  seen not  

t o  be the case, s ince i n  the model desc r i p t i on  the "boxes" can over lap,  

and t h i s  does not  occur i n  the t rue  desc r i p t i on .  

As an example, consider the model diagram shown i n  Fig.4. This diagram 

does no t  occur i n  the t rue  desc r i p t i on ,  so i t  has t o  be removed. TO do 

so, we def ine  an instantaneous i n t e r a c t i o n ,  the d o u b l e  b o x  diagram 

shown i n  Fig.5. I t  i s  e a s i l y  seen tha t ,  i n  general, we can have, i n  

the model desc r i p t i on ,  n over lappi  ng "boxes", whose removal g i  ves r i s e  

t o  the nth "box" fo lded diagram. These diagrams are  ca l cu la ted  accor- 

d ing  t o  the usual Feynman ru les .  Therefore, the pe r tu rba t i on  expansion 

o f  the e f f e c t i v e  i n t e r a c t i o n  i s  



Fig .4  - A rnodel diagram which does not occur i n  the f u l l  desc r i p t i on .  

F ig .  5 - A double box diagramr 



where H i s  the n
th box fo lded diagram. 

n 

I n  the case o f  degenerate pe r tu rba t i on  theory,  the term having n over- 

lapp ing "boxes" has a very simple expression f o r  the s p e c i f i c  choices 

o f  the "box" t ime base considered i n  t h i s  paper, which can easi  l y  be 
- 

der ived us ing  the ru les  given i n  Ref.1. Doing so, H l n  i s  seen t o  be 

equal t o  

The d i f f e rence  between the var ious p r e s c r i p t i o n s  f o r  the "box" t ime 

base i s  on ly  i n  the region o f  i n t e g r a t i o n  I'. I n  what fo l lows,  we w i l l  

c a l c u l a t e  the pe r tu rba t i on  expansion o f  the e f f e c t i v e  i n t e r a c t i o n  f o r  

s p e c i f i c  choices o f  the "box" t ime base. 

( i ) Perturbation Expansion o f  the - E  f f e c  t i v e  Interact ion i n  the  

Nonhemitian Case 

I n  t h i s  case, the t ime base o f  the var ious "boxes" i s ' t h e  l a s t  t ime o f  

the d i  agrams. 

The value o f  Ü1 up t o  the t r i p l e  box diagram i s  g iven by 

The reg ion o f  i n t e g r a t i o n  

forward a p p l i c a t i o n  o f  the 

T2n- 1 > O) .  

i s  g iven below, and againath 

ru les  given i n  Ref.1 ( i n  a1 

i s  i s  a s t ra igh t -  

1 cases T,T 
1 3'"" 

1.1) T I  > 0, f o r  the s ingle- box diagram; 

1 . 2 ) - T l  < T2 < O f o r  the double-box diagram; 



f o r  the t r i p l e - b o x  diagram. 

The c a l c u l a t i o n  o f  the  h igher  order  fo lded diagrams i s  s t ra igh t fo rward  

b u t  lengthy. However, the f o l  lowing r u l e  emerges f rom an o r d e r  by 

order  c a l c u l a t i o n  which has been checked up t p  n=5. 

Consider n over lapping boxes: 

1) Draw a11 the over lapping boxes; 

2) Consider a11 permutations o f  the r e l a t i v e  order  o f  the "boxes" time 

base ( the  l a s t  t ime o f  the "box") keeping the t ime base o f  the f i r s t  

"box" (froni l e f t  t o  r i g h t )  as the l a t e s t  t ime. Therefore, i f  we have n 

boxes, there are ( n - l ) !  p o s s i b i i i t i e s .  

3) Draw ho r i zon ta l  l i n e s  from r i g h t  t o  l e f t ,  leav ing the "boxes" time 

base, and f i n i s h i n g  when a "box" i s  reached. Let  pi be the number o f  

1 ines reaching the ith "box". Consider together a1 1 permutations lea- 

d ing  t o  the  same se t  o f  numbers y 

but ions  o f  a1 1 these diagrains, ca 

man ru les ,  i s  {!.I,,!.I z , . . .  . 

We have no t  analyzed the Kuo e t  a 

, y,, . . . , yn. The sum o f  

cu la ted according t o  the 

. fo lded diagram expansi 

i t  seems t h a t  the r u l e  g iven i n  Ref.7 i s  i d e n t i c a l  t o  the 

above . 

The re fo re  , H, becomes 
n 

Consídering the r u l e  g iven above, i t  

t i s f y  any o f  the f o l  lowing r e l a t i o n s  

the c o n t r i -  

usual Feyn- 

on; however, 

r u l e  g iven 

i s  e a s i l y  seen t h a t  the v ' s  sa- 

yl+ p2+ ...+vn = n-l, 

+ p . .  . > - 1  15% , 
P 



( i  i )  Perturbation Expansion of the Ef fect ive Interaction i n  the Her- 

mitian Case: the time base i s  the average of  the f i r s t  and Zast times 

of  each box. 

The v a l u e  o f  H,, up t o  t h e  t r i p l e  b o x  d i a g r a m ,  i s  g i v e n  b y  

The r e g i o n  o f  i n t e g r a t i o n  i s  g i v e n  by  

2 . 1 )  T ,  > 0, f o r  t h e  s i n g l e - b o x  d iagram;  

2 . 2 )  - ( T 1 + T 3 ) / 2  < T2 < 0 ,  f o r  t h e  doub le- box  diagrarn; 

2 . 3 )  a )  - ( 5 , + T 3 ) / 2  < T2 < 0 ,  

- ( T , + T ~ ) / ~  < T ,  o ;  

b) - ( T , + T , ) / z  < T~ < 0 ,  

- ( T , / i + 3  T3/4+T5/4+T, /2)  < T2  < - (T,+T,) / 2 ;  

c )  - ( T 1 + T 3 ) / 2  < T2 < 0 ,  

- (T , /4+T2 /2+3T3 /4+T5 /2 )  < T, :,< - ( T 3 + T 5 ) / 2  , f o r  t h e  t r i  p l e- box  

d iagram.  

( i  i  i )  Perturbation Elçpansion of the Ef fect ive Interaction i n  Hermitian 

Case: the time base as a linear combination of  the f i r s t  and Zast ti- 

mes of the ''box". 

The  val  ue  

- 
H 1  = {O}+ 

+I / 4  
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o f  E , ,  up t o  t h e  t r i p l e  b o x  d i a g r a m , i s  g i v e n  b y  



The region o f  i n t e g r a t i o n  i s  as fo l l ows :  

3.1) T 1 > O ,  f o r t h e s i n g l e- b o x d i a g r a m ;  

f o r  the double-box diagram. 

I n  t h i s  case there  i s  a  f a c t o r  1/2 m u l t i p l y i n g  each c o n t r i b u t i o n .  



There i s  a f a c t o r  1/16 m u l t i p l y i n g  the f i r s t  f ou r  con t r i bu t i ons ,  and 

one o f  1/8 m u l t i p l y i n g  the l a s t  f ou r .  

i s  worth rnentioning tha t  we have rnany more p o s s i b i l i t i e s  f o r  choice 

2 than f o r  choice No.3. As an example, we note tha t  we h a v e , f o r t h e  

ple-box diagram, th ree p o s s i b i l i t i e s  i n  case No.2, and twenty f ou r  

case No.3. So, between the two herrni t ian prescr ip t ions , the  eas ies t  

ca l cu la te  i s  case No.2. 

I n  what fo l lows we w i l l  compare the pe r tu rba t i on  expansion, Eqs.(2.4), 

(2.7) and (2.8), t o  the pe r tu rba t i on  expansion o f  the e f f e c t i v e  i n t e -  

r a c t i o n  o f  Bloch, Eq.  (1.12), and Des Cloizeaux, Eq. (1.21). 

3. NONDEGENERATE PERTURBATION THEORY 

I n  the case o f  nondegenerate pe r tu rba t i on  -theory, the model space has 

on ly  one di'mension, so the p r o j e c t i o n  opera tor  P ,  i s ,  sirnply, 

The eigenvalue i s  g iven by 

E. = E ,  + <O IÜ1 1 O> . (3.1) 

I n  the nonhermit ian case H1 i s  g iven by Eq. (4.1) o f  next  Section. 

For a s i n g l e  dimension, Eq. (4.1) reduces t o  

Using (3.1) and (3.2) ,  the energy E. i s  g iven by 



Using a formula by Lagrange, g iven i n  Refs. 3 and 5 ,  Eq. (3.3) reduces 

t o  

which i s  equ iva lent  t o  the 

I n  the hermi t ian  case, H, 

Rayleigh-SchrBdinger pe r tu rba t i on  se r i es 5.  

s given, up t o  the t r i p l e - b o x  diagram, by 

Eqs.(2.7) and (2.8). I n  both cases, the expecta t ion  value o f  i s  

g iven by Eq. (3.2), t o  the  order  considered. So, t o  t h i s  order ,  they 

a re  equ iva lent  t o  the Rayleigh-Schrddinger pe r tu rba t i on  se r i es .  I t  i s  

c e r t a i n l y  p l a u s i b l e  t h a t  the equal i t y  p e r s i s t s  t o  h igher  orders .  

4. DEGENERATE PERTURBATION THEORY: NONHERMITIAN CASE 

The e f f e c t i v e  i n t e r a c t i o n ,  when the l a s t  t ime o f  the diagram i s  chosen 

as i t s  t ime base, i s  given, t o  a l l  o rders  o f  pe r tu rba t i on  theory,  by 

Eqs.(2.1), (2.4) and (2.5). This coincides w i t h  the pe r tu rba t i on  ex- 

pansion o f  8-DC, given by Eqs . ( l . l 2 ) ,  (1.13) and (1.15). Therefore, 

So, when we choose the  l a s t  t ime o f  the diagram as i t s  t ime base, the  

JBFD expansion o f  the e f f e c t i v e  i n t e r a c t i o n  i s  i d e n t i c a l ,  o rder  by o r -  

der, t o  the Brandow-Des Cloizeaux e f f e c t i v e  i n t e r a c t i o n ,  and t o  the 

Bloch e f f e c t i v e  i n t e r a c t i o n  as w e l l ,  s ince the l a s t  two do co inc ide3 '?  

The conclusion i s ,  there fore ,  t ha t  the Johnson-Baranger fo lded diagram 

expansion i s  i d e n t i c a l  t o  the corresponding one by Brandow, f o r  the 

e f f e c t i v e  i n t e r a c t i o n .  

5. DEGENERATE PERTURBATION THEORY: HERMITIAN CASE 

The pe r tu rba t i on  expansion o f  the Des Cloizeaux he rm i t i an  e f f e c t i v e  in- 

t e r a c t i o n  i s 3  



I  f we compare (5.1) t o  Eqs. (2.7) and (2.8) ,  we see t h a t  they are  a1 1 

d i f f e r e n t .  This t e l l s  us t ha t  8' does not  co inc ide  w i t h  the JBFD ex- 

pansion o f  the e f f e c t i v e  i n t e r a c t i o n  f o r  the two symmetrical choices 

o f  the "box" t ime base considered i n  t h i s  paper. The th ree e f f e c t i v e  

i n te rac t i ons ,  Eqs. (2.71, (2.8) and (5. I ) ,  are  r e l a t e d  by an uni  t a r y  

t rans format ion  i n  the model space R,. 

We d i d  n o t  attempt t o  f i n d  which symmetrical choice f o r  the  box t ime 

base gives r i s e  t o  the Des Cloizeaux e f f e c t i v e  i n t e r a c t i o n .  I t  i s  i n -  

t e r e s t i n g  t o  n o t i c e  t h a t  when comparing the d i f f e r e n t  herrni t ian pres- 

c r i p t i o n s ,  we should consider a t  l e a s t  the t r i p l e - b o x  'diagram, s ince 

the p r e s c r i p t i o n ,  f o r  making the double box diagram hermi t ian ,  i s  un i -  

que. 

6. CONCLUSIONS 

I n  t h i s  paper we have shown t h a t  i n  the  case o f  o rd ina ry  (non-many-bo- 

dy) quantum systems, the pe r tu rba t i on  expansion o f  the Bloch e f f e c t i v e  

i n t e r a c t i o n  coincides,  o rder  by order ,  t o  the JBFD expansion o f  the 

e f f e c t i v e  i n t e r a c t i o n ,  when the l a s t  t ime o f  the "box" i s  chosen as 

i t s  t ime base. I n  the he rm i t i an  case, the pe r tu rba t i on  expansion o f  

Des Cloizeaux's e f f e c t i v e  i n t e r a c t i o n  d i f f e r s  from the JBFD expansion 

f o r  the two symmetrical choices o f  the "box" t ime base made here. 
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