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We perform the "f i r s t  quant i za t i on"  o f  the sine-Gordon Theory .We ob ta in  

the  c lass i ca l  p o t e n t i a l  t h a t  describes the long distance i n t e r a c t i o n  

between so l i t ons .  The " f i r s t  quant izat ion"  i s  achieved by i n s e r t i n g  

tha t  po ten t i a l  i n  the Schrddinger equation. The n o n r e l a t i v i s t i c  region 

o f  the DHN spectrum i s  e a s i l y  reproduced by using our procedure.We a l so  

compute sca t te r i ng  amplitudes f o r  non r e l a t i v i s t i c  so 

and s o l i t o n- s o l i t o n  scat te r ing .  We improve Faddeev's 

That improved vers ion leads, i n  the non r e l a t i v i s t  

sca t te r i ng  amplitudes obtained i n  our approach. 

I i t o n  - a n t i s o l i t o n  

quant iza t ion  rule. 

i c  region, t o  the 

Realizamos, neste t rabalho,  a " pr imeira quantização" da t e o r i a  s inusoi-  

da1 de Gordon. Obtemos, assim o potenc ia l  c l áss i co  que descreve a 

i nteração, de longo alcance, en t re  sol  i tons. O procedimento de " p r i -  

mei r a  quant i zaçáo" é processado por inserção do potencia l  c l áss i co  na 

equação de Schrddinger. A região não r e l a t i v í s t i c a ,  do espectro de Da- 

shen, Hasslacher e Neveu, é faci lmente reobt ida fazendo-se uso de nosso 

método. Calculamos, também, ampl i tudes de espal hamento para espalha- 

mento s o l i t o n- a n t i s o l i t o n  e s o l i t o n - s o l i t o n .  Mais ainda, melhoramos a 

regra de quant i  zação de Fadeev. Essa nova versão conduz, na região não 

r e l a t i v í s t i c a ,  ãs amplitudes de espalhamento obt idas u t i l i z a n d o  nosso 

método. 

* Postal address: C.P. 20516, 01000-São Paulo, SP. 



1. INTRODUCTION 

Recently, much a t t e n t i o n  has been drawn t o  semiclassical  methods i n  

Quantum F i e l d  ~ h e o r ~ ' - ~ .  That i s  the case f o r  the W.K.B. approach. I n  

t h i s  context, we would l i k e  t o  mention the pioneer ing work o f  Dashen, 

Hasslacher and ~ e v e u ~  (DHN) which, by extending the W.K.B. method t o  

Q.F.T., succeeded i n  g e t t i n g  many features o f  the quanti zed s i n e - ~ o r d o n ~  

theory (SGT). Other i n t e r e s t i n g  features o f  the quantized vers ion o f  

the SGT has been studied by o ther  a ~ t h o r s ~ - ~ .  

Although the technique employed by DHN was an approximate one, there 

e x i s t s  a region i n  the coupl ing constants space (X/m2<<1) where we 

would expect the method t o  be r e l  iab le .  We wi 1 1  r e f e r  t o  t ha t  region 

as the DHN region. 

When app l ied  t o  the SGT, the approach described i n  Ref.2 might a l l ow  us 

t o  answer many questions concerning the spectrum o f  the theory, and 

sca t te r i ng  o f  p a r t i c l e s ,  w i thout  going over the intermediate step o f  a 

" f i r s t  quantization". The " f i r s t  quant izat ion"  o r  quant iza t ion  h 
SchrUdinger , 
k ind  o f  quant 

sul t s  concern 

posi t ronium - 

F i r s t  o f  a l l ,  

o f  the SGT, i s  what we study i n  t h i s  paper. This i s  the 

za t i on  which, as we r e c a l l ,  al lows us t o  get sensib le re-  

ng energy l eve l s  o f  many bound s ta te  systems - e.g., the 

by using the SchrUdinger equation. 

we show that ,  asymptotical l y  (see below what we mean by 

i t ) ,  the c lass i ca l  i n te rac t i on  between a n o n r e l a t i v i s t i c  s o l i t o n  - a n t i -  

s o l i t o n  (SA) pa i r ,  i n  the S.G.T. i s  we l l  described by a c lass i ca l  po- 

t e n t i a l  o f  the form 

where 1x1 i s  the distance between sol  i ton and the an t i so l  i ton; m, the 

mass o f  the elementary meson, whereas Mc i s  the c lass i ca l  s o l i t o n  mass; 

and g ,  a dimensionless constant o f  order o f  magnitude one. 

When we mentioned tha t  the po ten t i a l  desc r i p t i on  works asympto t ica l ly  , 
we meant t ha t  expression (1.1) describes the c lass i ca l  i n t e r a c t i o n  bet-  

ween SA pai rs, whenever 



um being t h e  modulus o f  the i n t e r a c t i n g  s o l i t o n  v e l o c i t y  f o r  much 

e a r l  i e r  and l a t e r  times (t + i m). We say tha t  we have the non re la t i -  

v i s t i c  domain o f  a  given process when 2 << 1, f o r  a11 p a r t i c l e s  i nvo l -  
i ved (um st:ands f o r  the asymptotic ve loc i  t y  o f  the i - t h  p a r t i  c l e ) .  

I t can be v e r i  f ied tha t  the sol  i ton-sol i ton (SS) po ten t i a l  Vss (x) i s  , i n  

the Asymptotic Region, given by 

Such a  property confirms what one would expect from an i n t u i t i v e  rea- 

son i ng. 

The c lass i ca l  "sizel l  o f  the sol  i ton i s  o f  the order (I/m). Then, i n  the 

Asymptotic Region, we can consider the s o l i t o n  as a  p o i n t -  l i k e  p a r t i -  

c le .  We p o i n t  ou t  t h a t  a  s i m i l a r  approximation i s  a l so  employed i n  the 

treatment o f  the Hydrogen Atom by a  Coulomb po ten t i a l ,  where we consi- 

der the proton as po in t- l i ke .  We j u s t i f y  t h i s  by arguing tha t  the pro- 

ton radius i s  much smal ler  than the Bohr radius. 

I  t i s  known2 tha t ,  i n  the DHN Region, the meson, o f  mass m, has a  

twofold ro le :  i t  i s  the fundamental rneson o f  SGT and the lower bound 

s t a t e  o f  the SA system, as w e l l .  We note tha t  the po ten t i a l  given by 

(1-1) i s  a  one-dirnensional Yukawa po ten t i a l  associated w i t h  t ha t  rneson. 

I n  t h i s  way, we conclude tha t  t h i s  p a r t i c l e  becomes the one which me- 

d ia tes  the i n t e r a c t i o n  between s o l i t o n s  a t  la rge dis.tances. 

Once we have es tab l ished tha t  the c lass i ca l  i n t e r a c t i o n  between s o l i -  

tons i s  deterrnined, i n  the Asymptotic Region, by po ten t i a l  (1 . I ) ,  we 

proceed t o  the non r e l a t i v i s t i c  quant iza t ion .  That quant iza t ion  amounts 

t o  i n s e r t i n g  the po ten t i a l  i n t o  the Schrudinger Equation. Fortunately,  

the Schrudinger equation, f o r  the po ten t i a l  ( I . ] ) ,  i s  soluble,  and as a  



consequence i t  i s  s t ra igh t fo rward  t o  get the b ind ing energies, and 

sca t te r i ng  amplitudes, o f  the SA and SS systems. 

Before proceeding, we would l i k e  t o  discuss the condi t ions under which 

we sha l l  expect the method employed here t o  be a r e l i a b l e  one. Conser- 

n ing the non r e l a t i v i s t i c  approximation, we fee l  tempted t o  say tha t  

t h i s  approach i s  v a l i d  whenever 

and 

where E i s  the energy o f  the sta:e under consideratibn.Condi t i o n  (1.4b) 

t o  be much too strong. I f  i t  were always necessary, we would not seems 

be ab 

the H 

mat ic 

l e  t o  understand the successfu 

idrogen Atom. That i s  why we w 

condi t i  on 

I <v(x)  > 1 

1 n o n r e l a t i v i s t i c  desc r i p t i on  o f  

' i 1 1  addopt a weaker and more prag- 

Another aspect o f  our approach which we would l i k e  t o  comment about re- 

f e r s  t o  tak ing  on ly  the long range t a i l  o f  the p o t e n t i a l .  As i s  we l l  

known, s ta tes  corresponding t o  la rge wave lengths are not  sensi t i v e  t o  

the behavior o f  the po ten t i a l  a t  short  distances. Such a wavelength 

can be obtained once we know t l ie  wave func t i on  o f  each s ta te .  Then, by 

computing the wave funct ion,  the energy and <V>, we w i l l  be able t o  

check a p o s t e r i o r i  the v a l i d i t y  o f  the s i m p l i f i c a t i o n s  introduced i n  

our scheme. 

A f te r  e luc ida t i ng  these po in ts ,  we w i l l  a l so  understand i n  which region, 

i n  the DHN spectrum, we should look i n  order t o  compare w i t h  our re- 

su l t s .  That region wi11 be the n o n r e l a t i v i s t i c  l i m i t  o f  the DHN region. 

As expected, we achieved, i n  t h i s  p a r t  o f  the spectrum, a pe r fec t  agre- 

emen t . 

With regard t o  the sca t te r i ng  region, our r e s u l t s  d i f f e r s  f rom those 



obtained by Jackiw and woo3. One reason f o r  such a discrepancy i s tha t  

the approach used by those authors does not  work i n  the neighborhood o f  

the threshold, which i s  j u s t  the n o n r e l a t i v i s t i c  region where our me- 

thod i s  r e l i a b l e .  

S t i l l  concerning the sca t te r i ng  o f  so l i t ons ,  we would l i k e  t o  mention 

tha t  ~ a d d e e v ' s ~  r u l e  f o r  "quantizing" the S-matrix exh ib i  t s  a smal 1 

f law. The S-matrix obtained by tha t  procedure does not  d iscr iminate  

between even and odd p a r i t y  states.  I n  s p i t e  o f  tha t ,  such a r u l e  can 

be improved i n  order t o  take i n t o  account p a r i t y .  The s c a t t e r i n g  

lengths, obtained by such an improved version, agree w i t h  the ones com- 

puted by IJS, i n  the DHN region. 

This paper i s  organized as fo l lows:  the  c lass i ca l  SGT i s  presented i n  

Sect ion 2, whereas some o f  the DHN r e s u l t s  are presented i n  Section 3. 

I n  Section 4, we ob ta in  the asymptotic po ten t i a l .  Section 5 i s  devoted 

t o  the c a l c u l a t i o n  o f  bound s ta te  energies and scat tey ing  amplitudes . 
We conclude t h i s  paper w i t h  a sec t ion  reserved t o  conclusions, and two 

appendices which complement some pa r t s  o f  the tex t .  

2. CLASSICAL SINE-GORDON THEORY 

We s h a l l  present i n  t h i s  Section a summary o f  the c lass i ca l  SGT'. This 

two dimensional model i s  described by a Lagrangian dens i ty  

By minimiz ing the a c t i o n  corresponding t o  (2.1), we ob ta in  the sine- 

-Gordon Equation 

From (2.1) and (2.2), onecan e a s i l y  see tha t ,  when h=O, the SGT i s  a 

f i e l d  theory o f  a free sca lar  meson o f  mass m. 



Before present ing the so lu t ions  o f  (2.2), re levant  f o r  our considera- 

t ions ,  i n  t h i s  paper, i t  i s  convenient t o  change the var iab les  x and  t 

i n t o  dimensioneless ones. That can be achieved by de f i n ing  

and 

Now we proceed e x h i b i t i n g  some so lu t ions  o f  (2.2). A whole se t  o f  so- 

l u t i o n s  can be obtained by making use o f  the l1 B a c k l u n d  T r a n s f o r m a-  

t i on "  = *'. The procedure works as f o l  lows: suppose $, i s  a sol  u t i o n  o f  

the sine-Gordon equation w r i t t e n  i n  terms o f  l i g h t  cone var iab les  o = 

(z '+t1) /2 and p = (xl-t1)/2. Then, another s o l u t i o n  I), can be generated 

by p l  ugging Ji ,  i n t o  the "Backlund Transformation" 

i a 
ã ; ~  ($I-$~) = a s i n  $ i +  

2 ' 

The "vacuum" qo-O i s  an obvious s o l u t i o n  o f  (2.2). From i t, the proce- 

dure sketched above leads t o  the socal led s o l i t o n  so lu t ion :  

l u  $S (x ' , t f )= 4 tan exp 

where u stands f o r  the sol  i ton ve loc i  t y .  I n  Fig.  ( I  .a), we sketch the 

func t i on  t h a t  represents the s o l i t o n .  Other so lu t ions ,  on which we w i l l  

be interested,  a re  the ones corresponding t o  the two s o l i t o n  scat te r ing .  

They can be generated by making = 4: . We shal 1 get 

U 
+SS (xl,t')= 4 tan (2.7) 



We note tha t  (2.7) describes the SS sca t te r i ng  i n  the f r a m e  o f  the 

center  o f  mass o f  the p a i r ,  and u i s  the modulus o f  the  v e l o c i t y  o f  

each p a r t i c l e ,  when Itl -+m . The s o l u t i o n  corresponding t o  SA scat te-  

r i n g  i s  

We sha l l  a l so  mention the "Breather" so lu t ions .  The s implest  o f  thern i's 

the doublet one, which can be obtained f rom (2-8) by making the subst i -  

t u t i o n  u -+ i v .  The so lu t i ons  so obtained correspond t o  an SA bound 

s ta te .  

An i n t e r e s t i n g  fea ture  exh ib i t ed  by t k s e  c lass i ca l  so lu t ions  i s  t ha t  

they describe extended ob jec ts .  That property can be v e r i f i e d  by look- 

i ng  a t  the energy dens i ty  o f  some so lu t ions .  Fol lowing the usual c las-  

s i c a l  treatment, we can associate, t o  each s o l u t i o n  $ an energy den- a' 
s i t y  g iven by 

The s o l i t o n ,  f o r  instance, i s  a b lock o f  energy which moves w i t h  velo-  

c i  t y  u ,  wi thout  deformation (see Fig.  ( I  .b)) .The t o t a l  sol  i ton energy, 

i n  i t s  r e s t  frame, w i l l  be 

which i s  in terpre ted as the c lass i ca l  mass o f  the s o l i t o n .  

For a f r e e  so l í t on ,  we can determine p o s i t i o n  and v e l o c i t y  o f  i t s  cen- 

t e r  o f  mass. No uncer ta in ty  a t  a i 1  a r i ses  from simultaneous measure- 

ments o f  physical  quant i  t i e s  (as expected from a c lass ica l  descr ip t ion ]  . 
The " f i r s t  quant izat ion",  which i s  performed i n  Sect ion 5, should 

implement the uncer ta in ty  p r i n c i p l e .  



3. THE DHN TREATMENT 

Quantum cor rec t ions  t o  a  c lass i ca l  theory can be obtained, w i t h i n  

Feynrnan's Path In tegra l  frarnework, by expanding the a c t i o n  func t iona l  

around c lass i ca l  so lu t ions .  I n  p a r t i c u l a r ,  when we take i n t o  account 

f l uc tua t i ons  up t o  quadrat ic  terms, t h a t  procedure i s  equivalent  t o  the 

usual W.K.B. approach 

Dashen e t  a1 .' succeeded i n  appl y i ng  the W.K.B. rnethod t o  the SGT. We 

would l i k e  t o  e x h i b i t  some o f  t h e i r  r esu l t s .  

The quantum co r rec t i on  t o  the sol  i ton mass (represented, from now on, 

as M) i s  the f o l  lowing one: 

where Mc i 5  the c lass i ca l  s o l i t o n  mass, and y i s  given by 

X/m2 
Y =  (3.2) 

1 - ( X / 8 m n 2 )  

The spectrum o f  bound s ta tes  o f  the SA system, t ha t  was obtained from a  

k i n d  o f  "Bohr-Sommerfeld quant iza t ion  ru le"  ', i s  

where n = 1 ,  *, . . .<E.  The region def ined by 
Y 

we sha l l  r e f e r  t o  as the DHN Region. I n  there, we should expect DHN 

r e s u l t s  t o  be r e l i a b l e .  From now on, we sha l l  assume tha t  the parame- 

t e rs  of the theory s a t i s f y  cond i t ion  (3 .4 ) .  From (3.3) and (3.4), we 



can see tha t  the lowest bound s ta te  energy i s  2 ' 6  

i.e., the meson o f  mass rn i s  simultaneously the "elementary p a r t i c l e"  

o f  the theory, as we l l  as the lower bound s t a t e  o f  the SA system. 

I t  w i l l  be convenient, f o r  our purposes, t o  make an i n v e r s e  order ing  

o f  the energy leve ls ,  i .e., t o  s t a r t  o rder ing  from the one a t  the top 

o f  the spectrum (3.3). That can be achieved i n  a very simple way. I f  

Nmax i s  the t o t a l  number o f  bound s ta tes ,  there e x i s t s  an E s a t i s f y i n g  

such tha t  

Now we define, p, i n  the fo l l ow ing  way: 

p = N  - n .  
max 

Then, i f  we ob ta in  n i n  terms o f  p and E (by means o f  (3.7) and (3.811, 

a f t e r  s u b s t i t u t i n g  i t  i n t o  (3.3), we get  the fo l l ow ing  dependence, o f  

the t o t a l  energy, on p: 

~y~~~~ = 2M cos n ( ~ + p )  . r I 
Now, by inspect ion o f  (3.9), we see tha t ,  by vary ing p, we have an o r -  

der ing  from the top o f  the spectrum t o  the bottom, or ,  i n  o ther  words, 

p=O corresponds t o  the highest  b ind ing energy, p=1 i s  t h e  one j u s t  
M below, and so on. l n  the DHN Region, we can, f o r  p smal 1 enough, p<<(;), 

expand the r i g h t  hand s ide  o f  (3.9), ob ta in ing  

m 8 Total  = 2 M - 4 M ( p + ~ ) 2 .  



Expression (3.10) i s  a very convenient one i n  order t o  compare w i t h  

some o f  our resul  ts .  The range o f  values o f  p ,  f o r  which (3.10) i s  a 

good approximation f o r  the spectrum, corresponds t o  the non r e l a t i v i s -  

t i c  domain. 

4. THE POTENTIAL 

I n  t h i s  Section, we s h a l l  study some aspects o f  the Sol i ton-Ant 

c l ass i ca l  i n te rac t i on .  We wi I 1  compute the po ten t i a l ,  vSA(x) ,  

describes the asymptotic dynamics o f  the SA system f o r  non re  

i s o l  i ton 

w h i c  h 

: l a t i v i s -  

t i c  processes. The V (x) po ten t i a l ,  corresponding t o  the i n t e r a c t i o n  s S 
between two so l i t ons ,  can be computed by an analogous procedure but  the 

ca lcu la t ions  w i l l  not  be presented here. We would l i k e  t o  repor t  our 

f i n d i n g  which i s  expressed by (1.3). 

We s h a l l  search f o r  c l a s s i c a l  so lu t ions ,  oF the sine-Gordon equation , 
descr ib ing non r e l a t i v i s t i c  SA scat te r ing .  I n  order t o  f i x  our conven- 

t ions ,  we sha l l  assume t h a t  the s o l i t o n  i s  moving i n  the p o s i t i v e  d i -  

r ec t i on  o f  the coordinate axis, and tha t  the o r i g i n  o f  the coordinate 

frame coincides w i t h  the p o s i t i o n  o f  the center  o f  mass o f  the SA p a i r  

(see Fig.2). 

The problem o f  determining the asymptotic po ten t i a l  can be solved i f  we 

know the v e l o c i t y  v o f  the center  o f  mass o f  the so l i t on ,  i n  the asymp- 

t o t i c  region. The argument goes as fo l lows:  we can always w r i t e  

and obviously, i n  the asymptotic region, Av i s  on ly  a small co r rec t i on  

t o  va. On the o ther  hand, energy conservation impl ies 

MCv: = Mc (V, + Av) + VsA . 



Fig. 1 .  (a) Free sol  i ton; (b) Energy densi t y  associated t o  i t. y, i s  the 

i n f l e c t i o n  po in t  (which, here, i s  the center  o f  mass); y l  and ye  are 

the po in ts  where the t h i  r d  d e r i v a t i v e  vanishes. 

Fig.2. (a) S o l i t o n - a n t i s o l i t o n  p a i r  i n t e r a c t i n g  i n  the asymptotic re- 

gion; (b) Energy densi t y  associated t o  them. t yo are the i n f l e c t i o n  

po in ts ,  *yl and I y 2  are the po in ts  where the t h i r d  de r i va t i ve  vanishes; 

+ycm are t i p i c a l  candidates t o  centers o f  mass o f  each p a r t i c l e .  



From what has been s a i d  above, we conclude t h a t ,  f o r  Ix l>>l/rn, the  po- 

t e n t i a l  i s  

Express ion (4.3) i n d i c a t e s  how t h e  knowledge o f  t h e  asympto t i c  v e l o c i t y  

leads t o  t h e  asympto t i c  p o t e n t i a l .  Wi th  regard  t o  t h a t ,  we would l i k e  

t o  make some comments. A l though t h e  p o s i t i o n  and v e l o c i t y  o f  t h e  cen- 

t e r  o f  mass, o f  t h e  f r e e  s o l i t o n ,  can be determined a c c u r a t e l y , t h e  same 

i s  n o t  t r u e  when i n t e r a c t i n g .  For example,when t h e  s e p a r a t i o n  d i s t a n c e  

1x1 , between two s o l  i tons, i s  o f  t h e  o r d e r  o f  magnitude o f  t h e  s o l  i t o n  

s i z e ,  i .e . ,  1x1 - l/m, t h e  two p a r t i c l e s  fo rm a  s i n g l e  b l o c k  o f  energy, 

i n  such a  way t h a t  i t  becomes imposs ib le  t o  say where i s  l o c a t e d  t h e  

cen te r  o f  mass o f  each o f  thern. Each p a r t i c l e  loses ,  t h e r e f o r e ,  i t s  

i d e n t i t y .  

On the  o t h e r  hand, i f  1x1 i s  l a r g e  enough (when t>>l/rnvco), w,e s h a  1 1 

observe two d i s t i n c t  b locks  o f  energy - each o f  them r e p r e s e n t i n g  a  

q u a s i - f r e e  p a r t i c l e  (see ~ i ~ . 2 ) .  Under these c i  rcumstances, we can de- 

termine,  w i t h i n  a  ve ry  good degree o f  accuracy, t h e  p o s i t i o n  o f  t h e  

c e n t e r  o f  mass o f  each p a r t i c l e ,  and, t h e r e f o r e ,  t o  determine a l s o  i t s  

v e l o c i t y .  I t  i s  p r e c i s e l y  f o r  those va lues o f  1x1 t h a t  we c a l c u l a t e  t h e  

p o t e n t i a l .  

A b r i e f  a n a l y s i s  o f  some f e a t u r e s  which c h a r a c t e r i z e  t h e  f r e e  s o l i t o n  , 
w i  11 shed some 1  i g h t  on how t o  proceed i n  o r d e r  t o  ge t  i n f o r m a t i o n  con- 

c e r n i n g  t h e  p o s i t i o n s  and v e l o c i t i e s  o f  t h e  q u a s i - f r e e  s o l i t o n s .  F i g u r e  

( I  .a) rep resen ts  a  s o l u t i o n ,  @ ( x , t ) ,  corresponding t o  a  f r e e  s o l  i t o n  

moving w i t h  v e l o c i t y  v. We s h a l l  be ve ry  mucli i n t e r e s t e d  i n  t h r e e  

p o i n t s  o f  t h e  s o l i t o n  which somehow c h a r a c t e r i z e s  i t s  p o s i t i o n .  These 

p o i n t s  l a b e l e d  as y,, y, and y2  a r e  d e f i n e d  as s o l u t i o n s  t o  t h e  equa- 

t i o n s  



and 

Fig. (1 .b) exh ib i  t s  the behavior o f  the energy densi ty associated w i  t h  

the sol  i ton. By compar ison o f  Figs.  (1 .a) and ( I .  b) , we concl ude tha t  

y o  ( the  i n f l e c t i o n  po in t )  gives the posi t i o n  o f  the center  o f  mass , 
whi le,  loosely speaking, we can say tha t  the s o l i t o n  extends from yl t o  

y,. We sha l l  note tha t ,  i n  the case o f  a f r ee  so l i t on ,  a l l  i t s  po in ts  

move w i t h  the same speed, v .  

I n  Fig.2, we represent an i n t e r a c t i n g  SA pa i r ,  i n  the asymptotic region. 

From a c lose observat ion of t ha t  Figure, we can see tha t ,  when lxl>>l/m, 

the center  o f  mass ycm of  the quasi- free s o l i t o n  i s  somewhere between 

yl and y2,  and, more s p e c i f i c a l l y ,  c lose t o  the i n f l e c t i o n  po in t  y, , 
Ref.8. From that ,  we should have 

and 

where v  i s  the v e l o c i t y  o f  the center  o f  mass o f  the so l i t on ,  and v .  , 
V 1  and v 2  the ve loc i  t i e s  o f  the po in t s  yo, yl and y2  , r e s p e c t  i v e l  y  . 
The asymptotic v e l o c i t i e s ,  namely 

d i x  I. The r e s u l t s  we obta in  are  

1 v0 = Vm +-  
vm 

and 

vo,  v1 and v2 are computed i n  Appen- 

- 4 m l ~  I 
~ o l + ~ ( e  0 1 ,  



From expressions (4.6) and (4.7), we conclude tha t  the ve loc i  t y  o f  the 

center  o f  mass, o f  the so l i t on ,  i n  the asymptotic region,can be w r i t t e n  

under the  form 

where 

and we r e c a l l  t ha t  1x1, i n  (4.8), i s  the distance between the centers 

o f  mass o f  so l  i t o n  and a n t i s o l  i ton ,  i .e., 1x1 = 2 ycm. 

By comparing (4.8) and (4.1), we i n f e r  t h a t  

A f t e r  s u b s t i t u t i n g  (4.10) i n t o  ( 4 . 3 ) ,  we are  l ed  t o  the vSA(x) poten- 

t i a l .  I t  can be w r i t t e n  under the form: 

This po ten t i a l  i s  respons 

ces . 

Ue sha l l  add here tha t  t h  

b l e  f o r  the SA in terac t ion ,  a t  long d is tan-  

re levant  features,  o f  the n o n r e l a t i v i s t i c  

bound s t a t e  spectrum, i s  by no means dependent upon a  s p e c i f i c  value o f  

5'. 

5. PHASE SHIFT AND ENERGY LEVELS 

The quant iza t ion  o f  the s o l i t o n - a n t i s o l i t o n  system w i l l  be performed i n  

t h i s  Section. As prev ious ly  explained, t ha t  procedure i s  implemented, 

i n  our approach, by s u b s t i t u t i n g  the po ten t i a l  (4.1 I ) ,  i n  the SchrBdin- 

ger equation 



where I) (x) i s  the wave func t ion  descr ib ing  a s ta t i ona ry  s t a t e  o f  ener- E 
gY E. 

Our primary goal w i l l  be t o  compute the S-matrix elements associated 

w i t h  the po ten t i a l  (4.11). From s(E), we sha l l  compute the sca t te r i ng  

amplitudes, whereas, by look ing a t  the pos i t i ons  o f  i t s  poles, the bound 

s t a t e  energies w i l l  be determined. 

Since the po ten t i a l  (4.11) i s  symmetric under the t ransformat ion x -t -x, 

t h e r e e x i s t  so lu t ions  o f  equation (5.1) w i t h w e l l  def ined p a r i t y .  This 

means tha t ,  f o r  a g iven energy E, we shal 1 have an "even" mat r i  x element 

seven (~ ) ,  and an "oddil one, s o d d ( ~ ) ,  which are  obtained from the asymp- 

t o t i c  behavior ( x  + + m) o f  the wave func t ions :  

and 

where k i s  the magnitude o f  momentum o f  each p a r t i c l e ,  i n  the center-of-  

-mass reference f rame. 

The SA forward sca t te r i ng  amplitude i s  

Mf ( E )  2 [Seven (E) + Sodd (E)] - 1 . (5.3 

We note t h a t  t h i s  i s  an i nva r i an t  amplitude tha t  can be a n a l y t i c a l l y  

continued t o  the SS channel 4 .  

The SA backward sca t te r i ng  amplitude i s  g iven by 



M,, (E) = 7 (E) -sodd (E)] . ( 5 . 4 )  

Denoting by S (E) a  generic ma t r i x  element, we def ine t h e .  phase s h i f t  
V 

6,,(E) as 

wh i l e  the sca t te r i ng  lengths av are  def ined by the l i m i t  

For the discussion which w i l l  fo l low,  we found convenient t o  de f ine  a 

f unc t i on  *(E) as 

and a  constant A by 

The meaning o f  a1 l constants which appear i n  (5.7) and (5.8) can be un- 

derstood by tak i  ng no t i ce  o f  (5.1).  

I n  Appendix I I, we show tha t  the ma t r i x  elements s ~ ( E )  are given by 

and 

where J  i s  the Bessel f unc t i on  o f  o rder  8, and J

f  

stands f o r  i t s  de r i -  
B B 

va t ive .  



I n  order t o  ob ta in  the bound s t a t e  energies, we w i l l  study the behavior 

o f  S(E) f o r  E < O.  I n  t ha t  region, B(E) can be represented as 

From (5.9) and (5.10), we conclude tha t  the b ind ing energies w i l l  be 

given by the posi t i ons  o f  the zeros o f  J:(A) and J ~ ( A )  . Since, i n  the 

DHN Region, A >> 1 (because there (~ /m)>> l ) ,  we can make the f o l  lowing 

approximation: 

and 

where 8 (A,a) i s def ined as 

From (5.9) and (5.11), we can see tha t  the pos i t i ons  o f  the p o l e s  o f  
Seven (E), o r  s o d d ( ~ ) ,  a re  approximately g iven by the pos i t i ons  o f  the 

zeros o f  sino, o r  cose, respect ive ly .  

We can always w r i t e  

where N i s ,  by choice, an integer,  and 

By using (5.13) and (5.14), i t  i s  easy t o  see tha t ,  i n  the DHN Region, 

the b ind ing energy spectrum w i l l  be given by 



where p i s  an i n t ege r  such t ha t ,  i f  N i s  even (odd) t he  l e v e l s  cor-  

responding t o  p = 0, 2, 4. .. w i l l  have even (odd) wave f unc t i ons ,  and 

the  leve1 s correspondi  ng t o  p = 1 , 3, 5.. . wi 1 1 have odd (even) wave 

func t ions .  

By co i pa r i ng  (5.15) w i t h  ( 3 . 1 0 ) ~  and i d e n t i f y i n g  TI w i t h  E, ( s e e  a l s o  

(5.14) and (3.6)),  we v e r i f y  t ha t ,  i n  the  n o n r e l a t i v i s t i c  l i m i t  o f  the  

DHN Region, our  spectrum co inc ides  w i t h  t h a t  o f  DHN. 

I t  can be e x p l i c i t l y  v e r i f i e d  t h a t  our  r e s u l t s  obey t he  c r i  t e r i a  f o r  

the va l  i d i  t y  o f  ou r  approx jmat ions [c f  . (1.4-a) and (1.5)) . 

In the  s c a t t e r i n g  reg ion  (E>O), B(E) wi l l be a pure iniaginary nurnber , 
i .e. 

where 

The S-matr ix  elements a re  

(A) i' ( l + i r )  A - 2 i r  
seven (E) = - (-1 . (5.18-a) 

 ir) 

By us ing  (5.5) and (5.6), i t  i s  s t r a i g h t f o r w a r d  t o  compute phase s h i f t s  

and s c a t t e r i n g  lengths.  I n  t he  SA channel, we o b t a i n  



odd - 
S A rn J 

where y i s  E u l e r ' s  cons tan t .  

I n  an analogous way, we can compute t h e  SS s c a t t e r i n g  leng ths .  I f  the  

s o l  i t o n s  a r e  fermions, as suggested i n  t h e  l i t e r a t u r e ,  Refs.2, 5, 6, 12, 

P a u l i ' s  e x c l u s i o n  p r i n c i p l e  w i l l  imply  t h a t  we need t o  take  i n t o  account 

o n l y  s t a t e s  descr ibed  by odd wave f u n c t i o n s .  Then, t h e  SS s c a t t e r i n g  

l e n g t h  w i l  l be 

I n  t h e  i n t r o d u c t i o n ,  we have mentioned t h a t  Faddeevlss r u l e  f o r  "quan- 

t i z i n g "  t h e  S- mat r i x  ' O  e x h i b i t s  a  l i t t l e  f l aw.  We w i l l ,  now, c l a r i f y  

t h i s  p o i n t .  I t  i s  known t h a t  p a r i t y  i s ,  t i p i c a l l y ,  a  quantum concept,  

and, as a  consequence, t h e  c l a s s i c a l  S- mat r i x  ' O  does n o t  d i s c r i m i n a t e s  

between even and odd p a r i t y  s t a t e s .  The f l a w  o f  Faddeev's r u l e  l i e s  i n  

t h e  f a c t  t h a t  i t  extends t h i s  " bl indness f o r  p a r i t y "  t o  t h e  quantum 

S-matr ix .  F o r t u n a t e l y ,  i t  i s  n o t  d i f f i c u l t  t o  remedy t h i s  problem. Re- 

c a l l i n g  t h a t  t h e  p a r i t y ,  o f  t h e  wave f u n c t i o n  o f  t h e  n- th ,  (Re f . l l ) ,  SA 
n+ 1 

bound s t a t e ,  i s  g i ven  by (-1) , we can s p l i t  Faddeev's quantum S-ma- 

t r i x  i n t o  two p a r t s :  and seven, t h a t  con ta ins  the  po les  o f  t h e  even 

p a r i t y  bound s t a t e s ,  and an sodd t h a t  con ta ins  t h e  o t h e r  s e t  o f  po les  . 

Faddeev's quantum S- mat r i x  can be w r i t t e n  i n  t h e  f o l l o w i n g  form1° 

where Qn i s  t h e  f a c t o r  which con ta ins  t h e  p o l e  

Note t h a t ,  i n  t h e  s c a t t e r i n g  reg ions,  each Qn 

u n i t a r y .  The above rnentioned s p l i t t i n g  c o n s i s t s  

N 

(5.21) 

o f  t h e  n - t h  bound s t a t e .  

i s  pe r  se . e x p  l i c  i t l y  -- 
i n  d e f i n i n g  

odd 



and 

even 

One observes t h a t  t h e  improved q u a n t i z a t i o n  r u l e  leads t o  u n i t a r y  S-ma- 

t r i x  elements, whereas t h e  spectrum remains t h e  same as t h a t  o f  Ref.5. 

I t  a l s o  leads t o  s c a t t e r i n g  ampl i tudes which agree w i t h  those ob ta ined  

by us i n  t h e  n o n r e l a t i v i s t i c  l i m i t  o f  t h e  DHN ~ e ~ i o n . [ ~ o t e  t h a t ,  i n  t h e  

DtlN Region, Rn (g 5) and y can be negl ec ted  when compared wi t h  Rn(~/rn)]. 
M 

6. CONCLUSION 

By us ing  a q u i t e  d i f f e r e n t  approach f rom t h a t  employed by DHN, we suc- 

ceeded i n  g i v i n g  a n o n r e l a t i v i s t i c  quantum t rea tment  t o  s o l i t o n  i n t e -  

r a c t i o n s ,  w i t h i n  t h e  sine-Gordon Theory. Our method i s  e s s e n t i a l l y  t h e  

wel lknown n o n r e l a t i v i s t i c  quantum mechanical approach. I n  o r d e r  t o  do 

t h i s ,  we had t o  compute, f i r s t ,  t h e  p o t e n t i a l  which i s  respons ib le  f o r  

t h e  i n t e r a c t i o n s  between s o l i t o n s .  A f t e r  t h a t ,  we s t u d i e d  t h e  nonre ia-  

t i v i s t i c  mot ion by s u b s t i t u t i n g  the  p o t e n t i a l  i n t o  t h e  SchrHdinger 

equat ion.  I n  t h i s  way, we were a b l e  t o  compute t h e  s o l i t o n - a n t i s o l i t o n  

bound s ta tes ,  reproducing p a r t  o f  t h e  DHN spectrum, and the  SA and SS 

s c a t t e r i n g  ampl i tudes i n  t h e  n o n r e l a t i v i s t i c  reg ion .  

~ 0 1 e m a n ' ~ a s  

massive T h i r r  

fermion o f  t h  

shown t h a t  t h e  sine-Gordon Theory i s  e q u i v a l e n t  t o  t h e  

i n g  Model, s t r o n g l y  suggest ing t h a t  the  s o l i t o n  i s  t h e  

i s  model. On t h e  o t h e r  hand, i t  i s  wellknown t h a t  t h e  

massive T h i r r i n g  Model i s  e q u i v a l e n t  t o  t h e  two-dimensional massive 

Vector  Gluon Model, i n  t h e  l i m i t  

w h i t h  e/p=g f i x e d ,  

where p i s  t h e  mass o f  t h e  Vec to r  Gluon, and e i s  t h e  Fermion - Vector  

Gluon Coupl ing cons tan t .  From t h a t  equiva lence,  we should n a i v e l y  ex- 

pec t  t h e  fe rm ion- fe rmion  i n t e r a c t i o n  p o t e n t i a l  be g i v e n  b y I 3  



where gu e ~ ~ ( - ~ l x l ) ,  i n  (6.2), i s  the Yukawa po ten t i a l  associated w i t h  

the Vector Gluon. 

The naive argument, presented j u s t  above cannot, o f  course, be t rue  

because the co r rec t  SS po ten t i a l ,  g iven by (4.1 l ) ,  i s  rather d i f f e r e n t  

from (6.2). We conclude w i t h  the remark tha t ,  here, the dynamics exhi-  

b i t s  a very i n t e r e s t i n g  feature,  namely, the f a c t  t ha t  the l i ghes t  

fermion-ant i fermion bound s t a t e  happens t o  be the one responsible f o r  

the i n te rac t i on  between fermions, a t  long distances. 

APPENDIX I 

We compute here the asymptotic v e l o c i t i e s  v i .  I n  the n o n r e l a t i v i s t i c  

domain, (v: << I ) ,  the SA sol u t i o n  can be approximated by the expres- 

sion: 

(A. 1 )  

The pos i t i ons  o f  the i n f l e c t i o n  po in ts  y ( t )  and -Yo( t )  a r e  def ined 
o 

i m p l i c i t l y  as so lu t ions  o f  (4.4). By so l v i ng  (4.41, we conclude tha t  

where 

On the o ther  hand, the t h i r d  d e r i v a t i v e  o f  $SA vanishes a t  the o r i g i n  

and a t  the po in ts  which we cal1 yl(-y,) and y2 ( - y2 ) .  Then y i (  t )  and 

y,(t) are the so lu t ions  o f  equations (4 .5) .  A f t e r  plugging, i n t o  



( 4 . 5 ) ,  $ (y, t ) ,  g iven by (A. l ) ,  we wi l l get  S A 

and 

cosh (my, 

where f ( t )  was def ined i n  

ber t ha t  v; << 1) : 

( A . 3 ) .  When t>>l/mvm, we shal 1 have (remem- 

where the c o e f f i c i e n t s  ai are given by 

From (~.5), we conclude tha t  the asymptotic v e l o c i t i e s  vi o f  each po in t  

y .  w i l l  be given by equations (4.7). 
2 

APPENDIX I I  

I n  t h i s  Appendix, we sha l l  solve Schrudinger equation (5.1). Since $ 

and A are given by expressions (5.7) and (5.8), respect ive ly  , t ha t  equa- 

t i o n  can be w r i t t e n  as 



We change t h e  v a r i a b l e :  

I n  terms o f  5, Eq. (A.7) becomes 

2 d 2  5 YJi 
d5 

Equat ion (A.9) can be eas i l y  recognized as t h e  Bessel Equation.The even 

s o l u t i o n s  (E under t h e  change x -+ -x) a r e  g iven  by 

(A. 10-a) 

where J i s  t h e  Bessel f u n c t i o n  o f  o r d e r  p , Jf i t s  d e r i v a t i v e ,  and C a 
P P 

cons tan t .  The odd s o l u t i o n s  can be w r i t t e n ,  f o r  x > O,  as 

odd r 7 

(A. 10-b) 

Since, i n  t h e  l i m i t  x + 03, 5 goes t o  zero, we can make use, i n  t h i s  l i- 

mi t, o f  t h e  f o l  l ow ing  approx imat ion  f o r  Bessel func t ions" :  

From ( ~ . 1 0 )  and ( ~ . 1 1 ) ,  i t  f o l l o w s  t h a t ,  when x -+ we have 

(A. 1 1) 

(A. 12-a) 

(A. 12-b) 



Recal l  i n g  t h a t ,  i n  t h e  s c a t t e r i n g  reg ion ,  B ( E )  i s  represented by (5.161, 

and t a k i n g  i n  account o u r  d e f i n i  t i o n s  (5.2), we can deduce (5.9) s imp ly  

by s u i t a b l y  a d j u s t i n g  C and C' .  
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