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An improvement i n  t l ie  demonstration o f  a lower bound f o r  r i s i n g  bosonic 

t r a j e c t o r  ies  i s  presented. 

Aperfeiçoa-se a demonstração de um l i m i t e  i n f e r i o r  para t r a j e t õ r i a s  bo- 

sÔni cas crescentes. 

1. The physics o f  st rong i n te rac t i ons  speaks the language o f  a n a l y t i c  

funct ions.  I t  i s  no t  a matter  o f  using complex var iab les  as a t r i c k  

j u s t  t o  recover real  var iab les  a t  the end o f  the ca l cu la t i ons :  i n  

s t rong i n t e r a c t i o n  physics the s i n g u l a r i t i e s  o f  the amplitudes tha t  

a re  located a t  f i n i t e  po in t s  have'a d i r e c t  physical  i n te rp re ta t i on .  I n  

order t o  get  d e f i n i t e  resu l t s ,  one needs s t i l l  in format ion about the 

behaviour o f  the a,mplitudes a t  i n f i n i t y ,  t h a t  i s ,  about the eventual 

s i n g u l a r i t i e s  a t  the p o i n t  a t  i n f i n i t y .  These are connected t o  the 

short- distance behaviour o f  the i n te rac t i ons ,  t h a t  i s ,  t o  the unknown 

s t ruc tu re  o f  the "elementary" p a r t i c l e s .  The t rend has been t o  make 

hypotheses about the asymptotic behaviour, i n  energy,of t l ie  amplitudes. 

The weaker, the be t te r .  Recent studies o f  short- distance behaviour i n  

quantum f i e l d  theor iesl  may be important i n  t h i s  connection. 
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I n  some l i m i t e d  domains o f  hadron physics, simple, and, hopefu l ly ,  ge- 

neral r e s u l t s  concerning s i n g u l a r i t i e s  a t  i n f i n i t y  have been found : 

among them the asymptotic behaviour o f  a r i s i n g  bosonic Regge t ra jec to -  

r y 2.  The problem i s  important, though the i n t e r e s t  i n  Regge pole theory 

seems t o  be dwindl ing these days - a Regge t ra jec to ry ,  descr ib ing  the 

ro ta t i ona l  e x c i t a t i o n  spectrum o f  hadrons, speaks about t h e i r  very 

s t ruc ture ,  something tha t  cannot be old- fashioned. 

The possib le asymptotic behaviours o f  r i s i n g  Regge t r a j e c t o r i e s  o f  the 

bosonic type can be found i n  a reasonably c lean way3. At the moment, 

these resul  t s  i n t e r e s t  mainly people working on dual models4, but  inso- 

f a r  as pred ic t ions  are made f o r  the decay o f  very heavy bosons, less 

formal app l ica t ions  can be devised. 

I n  a recent paper, ~ r u s h e v s k ~ '  makes a de ta i l ed  ana lys is  o f  the problem 

and presents sound c r i t i c i s m  t o  some previous papers. We intend here 

t o  f o l l ow  h i s  lead i n t o  p u t t i n g  the main r e s u l t s  on a sa fer  basis.  

I n  Section 2, our approach t o  the problem i s  reviewed, together and i n  

comparison w i t h  Trushevsky's. I n  Section 3, we present our main r e s u l t :  

a proof o f  a lower bound tha t  i s  s impler  and avoids most c r i t i c i s m s  . 
Trushevsky's ideas are  reviewed i n  the Appendix. 

2. To summarize our resu l t s ,  l e t  us w r i t e  the Regge t r a j e c t o r y  as 

I t  i s  then poss ib le  t o  show tha t  

the extreme values being al lowed provided we include logar i thmic  fac-  

t o r s  i n  ( I ) ,  Ref. 6. The proof  assumes tha t  a (s )  i s  a rea l  a n a l y t i c  

f unc t i on  w i t h  a branch p o i n t  a t  some p o s i t i v e  s,, t ha t  Im a ( s )  > O f o r  

s>so and tha t  the w id th  r ( s )  o f  the resonances in terpo la ted by the 

t r a j e c t o r i e s  i s  g iven by 



the prime i nd i ca t i ng  d i f f e r e n t i a t i o n  w i t h  respect t o  s, Ref.7. Expres- 

s i on  (3) i s  used onl  y t o  get  the lower bound a t  (2) ; there i s  no need 

o f  i t  t o  get the upper bound. 

~ r u s h e v s k ~ '  made an important progress along these 1 

somewhat formal s tep  o f  our proof  by a physical  cons 

ines, replacing a 

idera t ion .  For the 

reader's convenience, Trushevsky's paper being not  ye t  published, we 

reproduce i t s  re levant  parts i n  the Appendix. He der ives a d i f f e r e n t  

expression f o r  the width:  

( c f  . the Append i x) , 
which fo l lows from a n a l y t i c i t y  and the e x p l i c i t  t ime dependence o f  the 

wave func t i on  o f  an unstable s ta te .  Here M i s  the mass o f  the resonan- 

ce. Both expressions (3) and (4) tend t o  the same 1 i m i  t E + 1 ,but they 

are  otherwise d i f f e r e n t .  Expression (3)  depends s t rong ly  on the reso- 

nance be i  ng narrow, whereas, f o r  expression (4) t h i s  requi rement i s 

on ly  necessary insofar  as the p o s i t i o n  o f  the resonance must be somehow 

i d e n t i f i a b l e .  As a consequence, expression (3) should on ly  be used 

f o r  E near 1 (r/M smal 1) , whi le ,  Trushevsky claims, expression (4) ,  can 

be used f o r  any E. I n  our papers, (3)  i s  used, as mentioned above, on l y  

t o  get  the lower bound a t  (2 ) ,  so t ha t  the c r i t i c i s m  o f  Trushevsky 

(concerning the use o f  (3) f o r  E f a r  from 1) does not  a f f e c t  our proof  

o f  the upper bound; as f o r  the lower bound, we concede tha t  we o f fe red  

no r i  gorous a proof  . 

Trushevsky gets the lower bound irnposing the cond i t i on  tha t  M L  O .  Con- 

s ider ,  however, h i s  expression (4) .  As E + (1/2), we have r/M + : 

the mass i s  t o t a l l y  undefined, and so i t s  posi t iveness has no c lea r  

meaning. I n  f ac t ,  the very concept o f  resonance has no meaning i n  t h i s  

l i m i t .  



3. I n  order t o  prove the lower bound a t  (2),  f o r  r i s i n g  t r a j e c t o r i e s  , 
wi thout  the use o f  quan t i t i es  re la ted  t o  resonances we proceed as 

f o l  lows: assume a (s )  t o  be rea l  a n a l y t i c  on the s-plane, except f o r  the 

cu t  s t a r t i n g  a t  s,, no t  t o  grow, a t  i n f i n i t y ,  as f a s t  as an exponential, 

and t o  be such tha t  

l i m  
s-+-w 

(-SI E 

Then, using the ~ h r a ~ m é n - ~ i n d e l u f '  theorem, the 1 i m i  t a t  (5) i s  the sa- 

me along every d i rec t i on ,  and i n  p a r t i c u l a r ,  

s i n  (IT . (7) 

I t i s  by requ i r i n g  I m  a (s )  t o  be pos 

tha t  we get  E < 1 .  

i t j v e  (a consequence o f  uni t a r i  t y  ) 

Now, i f  the t r a j e c t o r y  i s  r i s i n g ,  t ha t  i s ,  i f  ~ e a ( s )  i s  a monotonic 

increasing func t i on  o f  s, as s grows along the real  axis,  and i f  a t  

l eas t  one resonance seats on the t r a j e c t o r y ,  (so tha t  we can say tha t ,  

f o r  some rea l  value o f  the var iable,  Rea(s)>O), we must have ~ e a ( s )  po- 

s i t i v e  i n  (6) .  Combining both p o s i t i v i t i e s  i t  fo l lows tha t  

wherefrom the cond i t ion  E > 1/2 fo l lows.  

Some comments are  i n  order.  F i r s t ,  one could t h ink  t ha t  the hypothesis 

t ha t ,  a t  l eas t  one resonance seats on the t ra jec to ry ,  makesthe r e s u l t  

less general than the previous ones. As a matter  o f  f ac t ,  t h i s  h i -  

pothesis was i m p l i c i t  i n  the previous treatment, as the p o s i t i v i t y  o f  

the mass o r  o f  the w id th  o f  a resonance, on the t ra jec to ry ,  was requi-  

red. Second, r i s  ing  t r a j e c t o r i e s  are 'suggested by dual model s
g , and by 

const ruc t ions  such as Van Hove's modellO, so tha t  t h i s  r e s t r i c t i o n ,  

though strong, i s  not  ad hoc. 
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APPENDIX 

This i s  a b r i e f  summary o f  the par ts  o f  Trushevsky's work t ha t  are re- 

levant  t o  us. He w r i  tes the t r a j e c t o r y  as 

and , c a l l i n g  $ the argument o f  s, i s  l ed  t o  

the argument 4 being zero a t  the upper edge o f  the cut .  The t r a j e c t o r y  

can take p o s i t i v e  i n teg ra l  values along the ray def ined by the condi- 

t ion  

tha t  i s ,  a t  

The requirement t ha t  t h i s  ray be on the second sheet leads t o  E < 1 . 
Consider now a resonance located on the t r a j e c t o r y .  The t ime depen- 

dente o f  i t s  wave func t i on  i s  

I t  i s  na tura l  t o  impose the cond i t i on  M>O. From ( A 4 ) ,  we have 

and t h i s  i s  the argument o f  s 1 l 2  = M - i ( T / 2 ) .  Hence, M >  O impl i es  

$12 > - ~ / 2 ,  i.e., 



A1 so, from (A4) and (AS), i t f o l  lows tha t  

T/M = 2 tan [ s  (k - I)], 

r being, o f  course, the w id th  o f  the resonance. 
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