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Calculation of Magnetic Hyperfine Constants: Integration Method 
for the Dipolar Term* 
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The Gauss-Legendre method of integration is applied to calculate the 

hyperfine magnetic dipolar term for the F; molecule-ion. The difficul- 

ties appearing in the numerical calculations and the proper manner of 

avoid them are discussed in detail. 

Aplica-se o método de Gauss-Legendre ao cálculo do termo de estrutura 

hiperfina dipolar magnética, para o caso do ion molecular F; . Discu- 
tem-se em detalhe as dificuldades que surgem nos cálculos numéricos , 
assim como maneira de evitá-las. 

1. INTRODUCTION 

The basic understanding for any phenomenological calculation of V and k 
H centers in ionic crystals is intrinsically related to the F; molecu- 

le-ion, as indicated by Electron Spin Resonance (EsR) measu 

g tensors and hyperfine parameters for these defectsl-'. 
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The idea u n d e r l y i n g  t h i s  t ype  o f  c a l c u l a t i o n  i s  t o  use t h e  F; molecu- 

l e - i o n  as t h e  b a s i c  model f o r  a  Vk o r  an H cen te r ,  and then t r y  t o  re- 

produce magnetic h y p e r f i n e  tensors determined by ESR measurements, and 

E l e c t r o n  Nuclear  Double Resonance (ENDOR) . Th i s k i  nd o f  c a l  c u l a t  i o n  

f u r n i s h e s  a  b e t t e r  d e s c r i p t i o n  o f  t h e  d e f e c t  as a  whole, a l l o w i n g  t h e  

d e t e r m i n a t i o n  o f  approx imate va lues f o r  r e l a x a t i o n s  o f  t h e  ions  neigh-  

b o r i n g  t h e  c e n t r a l  molecule, and sugges t ing  p o s s i b l e  improvements f o r  

the  e l e c t r o n i c  d e s c r i p t i o n  o f  the  cen te r ,  as w e l l .  Furthermore, these 

phenomenological c a l c u l a t i o n s  can be most r e l e v a n t  when one i s  i n t e -  

r e s t e d  i n  p ropos ing  an ab i n i t i o  f o r m u l a t i o n  f o r  the  problern. 

Because o f  t h e  s p e c i f i c  form o f  the  d i p o l e - d i p o l e  i n t e r a c t i o n  operator ,  

i t  i s  wel lknown t h a t  a  c e r t a i n  ca re  rnust b e  t a k e n  when n u m e r i c a l l y  

e v a l u a t i n g  t h e  d i p o l a r  cons tan ts .  I n  the  p resen t  paper, we i n t e n d  t o  

descr ibe  i n  d e t a i l  the  method which we deemed convenient  i n  h a n d l i n g  

these c a l c u l a t i o n s ,  d i s c u s s i n g  a l s o  t h e  d i f f i c u l t i e s  and t h e  p roper  

manner t o  bypass them. The rnain reason i n  p r e s e n t i n g  a  complete d i s -  

cuss ion o f  the  method i s  t h a t  i s  has been s u c c e s s f u l l y  employed i n  a  

number o f  papers concern ing d e f e c t s  i n  s o l  i d ~ ~ ' ~ .  TO b e t t e r  understand 

these c a l c u l a t i o n s ,  we app ly  them t o  t h e  s i m p l e s t  case, which i s  the  

e v a l u a t i o n  o f  the  d i p o l a r  h y p e r f  i n e  cons tan t  f o r  t h e  F; molecu le- ion .  

The monoelect ron ic  wave f u n c t i o n s  f o r  t h e  F; molecu le- ion  have been 

c a l c u l a t e d  by G i l b e r t  and wah18 who made use o f  a p p r o p r i a t e  l i n e a r  

combinat ions o f  S l a t e r  t ype  f u n c t i o n s ,  centered on the  n u c l e i ,  w i t h i n  

a  R e s t r i c t e d  Hartree-Fock LCAO-MO scheme. I n  such a  scheme, the  o n l y  

wave f u n c t i o n  o f  i n t e r e s t  i n  d e s c r i b i n g  t h e  magnetic p r o p e r t i e s  o f  t h e  

molecule- ion i s  the  one assoc ia ted  w i t h  the  unpa i red  e l e c t r o n ,  t h a t  i s  

3au. Such wave f u n c t i o n s  were ob ta ined  f o r  severa1 va lues o f  the i n -  

t e r n u c l e a r  d i s t a n c e  R, and, t h e r e f o r e ,  by v a r y i n g  R, we a r e  a b l e  t o  

f i t  the  c a l c u l a t e d  r e s u l t s  w i t h  the exper imenta l  ones. 

2. METHOD OF CALCULATIONS AND RESULTS 

I n  o rder  t o  c a l c u l a t e ,  f o r  the  F; molecule- ion,  t h e  magnetic h y p e r f i n e  

d i p o l a r  cons tan t ,  one has t o  compute an i n t e g r a l  o f  t h e  form: 



corresponding t o  the d ipo la r  i n te rac t i on  of the unpaired e lec t ron  w i t h  

the magnetic moment o f  one o f  the two equivalent  nuc le i  o f  the molecu- 
+ 

le- ion .  I n  Eq.1, r i s  the p o s i t i o n  vector  o f  the e lec t ron  w i t h  res- 

pect  t o  the nucleus f o r  which the c a l c u l a t i o n  i s  performed, and k i s  a 

convenient ly  def ined constant. The i n teg ra l  i s  evaluated using the 

coordinate axes def ined i n  Fig.1, where V1 and V2 are  the molecule- ion 

nuc le i ,  and R the in ternuc lear  d istance.  The 30 a x i a l  symmetry makes u 
i t  convenient the use o f  c y l i n d r i c a l  coordinates ( c f .F ig . l ) ,  and then 

the $I i n teg ra t i on  can be performed a t  once. 

Since the 3 0  wave func t i on  i s  g iven i n  a n a l y t i c a l  form, the Gauss-Le- 
U 

gendre method
g 

can be convenientl  y used f o r  numerical i n tegra t  ion.  One 

o f  the advantages o f  using t h i s  procedure i s  the eventual saving. o f  

computer memory . 

A f t e r  i n teg ra t i ng  over 4 ,  we ca l cu la te  the fo l l ow ing  i n teg ra l :  

1 
where ( c f . ~ i ~ . l ) ,  (p2+z2) I 2 = r . l n  t h e  integrand, we have  a term 

which var ies  as the inverse o f  a length square, and, therefore,  depen- 

d ing on the form f(z,p), there could e x i s t  a numerical po le  t ha t  might 

be a source o f  d i f f i c u l t i e s .  The i n teg ra l  i n  Eq.2 i s  evaluated by 

w r i t i n g  

where 



Fig.1 - Coord inate system used i n  t h e  c a l c u l a t i o n .  V I  and V 2  a r e  the  

n u c l e i  o f  F;. 

Fig.2 - P l o t  o f  30 as a f u n c t i o n  o f  z f o r  p=O and R = 2.68 a.u..  
21 



n 
pi : ith roo t  o f  Legendre polynomial o f  order n, 

n z : jth roo t  o f  Legendre polynomial o f  order n, and 

: weight associated w i t h  the ath roo t .  
a 

Let us now discuss a problem which appeared i n  the c a l c u l a t i o n  . I t  i s  

c l ea r  t ha t  the integrand depends on the p o s i t i o n  o f  the roots  which , 
i n  turns, i s  dependent on the l i m i t s  o f  in tegra t ion ,  and or the order 

o f  the Legendre polynomial. l t  should a l so  be n o t i c e d t h a t  rhese roots 

are concentrated near the l i m i t s  o f  i n teg ra t i on .  From Fig.2, we see 

tha t  the behavior o f  30 near the o r i g i n ,  together w i t h  the numerical 
U 

s i n g u l a r i t y ,  requires a de ta i l ed  desc r i p t i on  o f  the integrand near 

t h i s  region.  

O f  course, the f i r s t  attempt t o  perform t h i s  in tegra t ion ,  f o r  d i f f e -  

ren t  values o f  R, would be t o  vary the order o f  the Legendre polynomi- 

a ls,  and t o  check the convergence o f  the resu l t s .  As i s  c l e a r l y  shown 

i n  Fig.3 ( f u l l  l i n e s ) ,  the convergence i s  q u i t e  poor. i n  a c e r t a i n  

way t h i s  r e s u l t  could be expected by the reasons put  forward above. I n  

order t o  ob ta in  r e s u l t s  which are independent o f  the order o f  the po- 

lynomials, and o f  the l i m i t s  o f  i n teg ra t i on ,  as we l l ,  i t  i s  necessary 

t o  d i v i d e  the i n t e r v a l  o f  i n teg ra t i on  i n  subregions so tha t  the roots 

are concentrated near the o r i g i n .  Figure 3 (broken 1 ine) a l so  shows 

the r e s u l t s  o f  t h i s  procedure: we have made two ser ies  o f  ca l cu la t i ons  

using polynomials o f  orders 48 and 96, f o r  each subregion. Four sub- 

regions were s u f f i c i e n t  t o  assure convergence. We would l i k e  t o  com- 

ment t ha t  t h i s  r e s u l t  can be obtained using polynomials o f  order smal- 

l e r  than 48. I t  i s  worthwhi le n o t i c i n g  t h a t  the subd iv is ion  scheme,ta- 

k i ng  the o r i g i n  as one of the l i m i t s ,  au tomat ica l ly  excludes the pro- 

blem tha t  may a r i s e  from the existence o f  a pole, s ince the integrand 

w i l l  i n  no case be evaluated a t  the o r i g i n .  

I t  i s  c l ea r  t ha t  t h i s  l a s t  r e s u l t  i s  not  phys i ca l l y  acceptable, s ince 

we should expect, on physical  grounds, t h a t  the value o f  b w i l l  incre-  

ase w i t h  decreasing R. This ra ther  unexpected behavior can be e a s i l y  

understood by a c lose ana lys is  o f  the 3 0  wave func t ion .  The l i n e a r  

combination f o r  t h i s  wave func t i on  contains "sl' type S la ter  funct ions,  
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Fig.3 - P l o t  o f  the d i p o l a r  cons tan t  b as a  f u n c t i o n  o f  P. P i n d i c a -  

tes the o r d e r  o f  the  po lynomina l .  I n t e r v a l s  o f  i n t e g r a t i o n  i n  a . u . :  

( -12;  +12) f o r  z and (0 ;8 )  f o r  p .  



centered on the o r i g i n .  C lear ly  enough, these funct ions have t o  be ex- 

cluded, s ince they are responsible f o r  the Fermi contact term,and can- 

not  be taken i n t o  account i n  the ca lcu la t ions  o f  the d i p o l a r  constant. 

Only cross terms i nvo l v ing  these "s" type funct ions,  centered on the 

o r i g i n ,  w i l l  con t r i bu te  t o  t h i s  constant; they can be evaluated sepa- 

r a t e l y  using the same scheme. Calculat ions have shown tha t  t h e y  are  

usual l y  very smal 1 (maximum con t r i bu t i on  o f  the order o f  2%).  The f i- 

na1 r e s u l t  i s  s t i  1 1  shown i n  Fig.3 (dash-point 1 ine) ,  and the agreem- 

ent w i t h  the same k i n f  o f  ca lcu la t ions ,  performed by Je t te  e t  a ] . ' '  , 
using a d i f f e r e n t  method, i s  exact. We have again used polynomials o f  

orders 48 and 96 f o r  each subregion. 

We should a l s o  mention tha t  the use o f  t h i s  method, when t h e  wave 

func t i on  i s  given numerical ly ,  requires a complex i n t e r p o l a t i o n  proce- 

dure. We again emphasize tha t  one o f  the advantages o f  t h i s  scheme i s  

a s i g n i f i c a n t  saving on computer memory. 
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