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The Renormalization Group Theory has a natura l  p lace i n  a general 

framework o f  svmmetries i n  Quantum F i e l d  Theories. Seen i n  t h i s  way , 
a " Renormal i z a t i o n  Group" i s  a one-parametric subset o f  the d i r e c t  

product o f  d i l a t a t i o n  and renormal izat ion groups. This subset o f  spon 

taneously broken symmetry t ransformat ions connects the  inequivalent  so- 

l u t i o n s  generated by a parameter-dependent regu la r i za t i on  procedure, as 

occurs i n  Renormalized Per turbat ion  Theory. By consider ing the global ,  

ra ther  than the i n f i n i t e s i m a l ,  transformations, an expression f o r  gene- 

r a l  ve r t i ces  i s  d i r e c t l y  obtained, which i s  the formal so lu t i on  o f  

exact Renormalization Group equations. 

A Teor ia do Grupo de ~ e n o r m a l i z a ~ ã o  encontra seu lugar na tura l  no quz 
dro geral  de s imet r ias ,  nas Teorias Quânticas de Campo. V i s to  dessa 

nei  ra, um "Grupo de Renormal i zacão" é um sub-conjunto, a um parâmetro, 

do produto d i r e t o  de grupos de d i l a tação  e de r e n ~ r m a l i z a ~ ã o .  Esse sub- 

conjunto de transformações de s imetr  ia, espontaneamerite quebradas, 1 iga 

as solucÕes não equivalentes geradas por um método de regular ização de- 

pendente de um parâmetro, como ocorre em Teoria de Perturbação Renorrna- 

1 izada. Considerando as transformações globais,  ao invés das i n f  i n i  te-  

s ima i s, obtem-se d i retamente uma expressão para v ê r t  i ces gera i s, que ê 

a solução formal das equa~ões exatas do Grupo de Renormal izacão. 

* This work has been p a r t i a 1  l y  supported by CNPq, B~0E(Brazi  l ) ,  and by 

the German Agency f o r  Techni cal  Cooperation (GTZ) . 
**  Postal address: Av.  Lu iz  Engler t  s/n, 90000-Porto Alegre, RS. 



1. INJRODUCTION 

I n  recen t  years, the  o r i g i n a l  o f  t h e  Renorma l i za t ion  Group, i n  

R e l a t i v i s t i c  Quantum F i e l d  Theory, has been genera l i zed  and deepened 

(see, f o r  example, Refs. 3-14.). 

At  present ,  t h e  b a s i c  formal isrn appears t o  be w e l l  understood. 

One p o i n t  which i s  n o t  y e t  q u i t e  t ransparen t  i s  the  p o s i t i o n  o f  t h e  

Renormal izat ion Group i s  r e l a t i o n  t o  the  conven t iona l  symmetry concepts, 

and t h e  ques t ion  which one t h e  a c t u a l  symrnetry group e x a c t l y  i s .  I t  i s  

t h e  purpose o f  t h e  p resen t  paper t o  c l a r i f y  these ques t ions  and r e l a t e d  

ones by showing t h a t  t h e  Renorma l i za t ion  Group f i t s  q u i t e  n a t u r a l l y  i n  

a f ramework o f  genera l  i zed  s y r h e t r i e s  i n  Quantpm F i e l d  ~ h e o r i e s ' ~ .  

From o u r  v iewpo in t ,  a Renormal izat ion Group i s  a s p e c i a l  one-parametr ic 

subset con ta ined  i n  a c e r t a i n  group o f  genera l i zed ,  spontaneously b ro -  

ken, symmetry t rans fo rmat ions .  The Renorma l i za t ion  Group d i f f e r e n t i a l  

equa t ion  represents t h e  e f f e c t  o f  an i n f i n i t e s i m a l  change o f  t h e  c o n t i -  

nuous parameter c h a r a c t e r i s i n g  the  t rans fo r rna t ions  o f  t h e  s e t .  Gecause 

we work w i t h  t h e  g l o b a l ,  i ns tead  o f  t h e  i n f i n i t e s i m a l ,  t rans fo rmat ions ,  

we f i n d  d i r e c t l y  t h e  s o l u t i o n  o f  the  usual approxirnate Renorma l i za t ion  

Group equat ions f o r  genera l  v e r t i c e s ,  w i t h o u t  needing t h i s  equa t ion  . 
Besides, an exac t  formal  express ion  f o r  these v e r t i c e s  i s  ob ta ined .Th is  

p o s s i b i l i t y  o! a v o i d i n g  tht? de tour  over  t h e  Renorrnal izat ion Group d i f f e  

r e n t i a l  equat ion,  which occurs  q u i t e  n a t u r a l l y  i n  t h e  p resen t  f o r m u l ~  - 
t i o n ,  seems n o t  t o  be g e n e r a l l y  known. 

I n  t h e  nex t  sec t ion ,  t h e  d i r e c t  p roduc t  o f  t h e  pass ive  d i l a t a t i o n  and 

r e n o r m a l i z a t i o n  groups i s  d iscussed as an exarnple o f  a spontaneously 

broken symmetry group, and i n  t h e  t h i r d  s e c t i o n  t h e  connec t ion  w i t h  t h e  

Renorma i i za t ion  Group equat ions i s  made. I n  t h e  Concluding Remarks , 
some a?.pects o f  t h e  r e l a t i o n  o f  t h e  p resen t  approach t o  o t h e r  recen t  

papers a r e  discussed. 



2. THE DILATATION-RENORMALIZATION TRANSFORMATIONS AS A 

SPONTANEOUSLY BROKEN SYMMETRY GROUP 

Our considerat ions are  made i n  a  framework f o r  general ized symmetries 

i n  Quantum F i e l d  Theories which has been given i n  Ref. 15. I n  the next 

paragraph we review i t s  essent ia l  po in ts ,  om i t t i ng  a l l  d e t a i l s .  

The basic d e f i n i t i o n ' i s  the one o f  a  Passive Symmetry Transformation o f  

a theory as being an a lgebra ic  t ransformat ion,  o f  the f i e l d  operators , 
which c a r r i e s  any so lu t i on  (o f t en  given as an i r r e d u c i b l e  representat i -  

on) i n t o  another so lu t i on .  Because each s o l u t i o n  i s  supposed t o  des- 

c r i b e  the physical  p roper t ies  o f  the system, a11 uniquely measurable 

q u a n t i t i e s  must be i nva r i an t  under any passive symmetry transformation. 

I f  such a t ransformat ion i s  represented by a  u n i t a r y  operator ,  i t  i s  a  

physical  o r  "good" symmetry; otherwise, we ca l1  i t ,  i n  a  general ized 

sense, an llspontaneously b ro~cen" '~  symmetry. To draw i n  t h i s  case non- 

t r i v i a l  physical  conclusions, add i t i ona l  assumptions, rep lac ing  u n i t a r y  

equivalence, are necessary. I f ,  f o r  instance, spontaneously broken pas- 

s i v e  symmetries form a  L i e  Group and are, i n  each space-time plane, ge- 

nerated by a  loca l  ( i n  general no t  conserved) cur rent ,  one obtains a  

charge algebra w i t h  the s t ruc tu re  c o e f f i c i e n t s  o f  the passive symmetry 

group. If a generating cur rent  i s  even conserved, one has an spontane- 

ously broken symmetry i n  the usual ,. more r e s t r  ic ted,  sense and ~ o l d s t o l  

ne's ~ h e o r e r n ' " ' ~  s ta tes  t h a t  the symmetry must be a  physical  one, 

unless a boson o r  long range i n te rac t i on  occurs w i t h  the quantum numbers 

o f  the  zero component o f  the  cur rent .  

The occurrence o f  a  passive symmetry i n  the basic theory o f  a  physical  

system mani fests i t s e l f  by the existence o f  d i f f e r e n t  descr ip t ions  of 

the same ~ h i s i c s ,  i n  each o f  which any uniquely measurable quan t i t y ' 5  

has the same value. Conversely, the a v a i l a b i l i t y  o f  a  continuous se t  

o f  such descr ip t ions  ind ica tes  the p o s s i b i l i t y  o f  formulat ing the theo- 

r y  i n  a  mani fes t ly  passive-syrnmetric way. Two specia l  cases o f  t h i s  s i -  

t ua t i on  are  essent ia l  f o r  our l a t e r  considerat ions:  

a) A change i n  the length u n i t  o f  a  closed physical  theory changes the 

mathematical descr ip t ion ,  but  not the physical  quan t i t i es  which are 



always d i m e n s i o n ~ e s s ' ~ .  T h i s  i s  what one would expect i n  a theory  w i t h  

a pass ive  d i l a t a t i o n  symmetry, and i n  t h e  f o l l o w i n g  we s h a l l  assume 

t h a t  i t  i s  p o s s i b l e  t o  fo rmu la te  t h e  theory  under c o n s i d e r a t i o n  so t h a t  

i t  i s  p a s s i v e l y  d i l a t a t i o n  i n v a r i a n t .  I n  f a c t ,  i t  appears i n  some ca- 

ses n e a r l y  unavoidable t o  do so. For  example, I n  Quantum Elect rodyna-  

mics t h e  bare e l e c t r o n  mass i s  t h e  o n l y  parameter o f  mass dimension 

e n t e r i n g  i n  t h e  b a s i c  equat ions.  I n  usual p e r t u r b a t i o n  theory, one i s  

compel led t o  take  t h e  bare mass i n f i n i t e ,  whereas i n  a s e l f c o n s i s t e n t  

c a l c u l a t i o n  t h e  bare mass has t o  v a n i ~ h ~ " ~ ~  . Both o f  these mass values 

a r e  d i l a t a t i o n  i n v a r i a n t  and consequent ly  t h e  b a s i c  theory  does n o t  se- 

l e c t  t h e  e l e c t r o n  mass, a l l o w i n g  f o r  an a r b i t r a r y  mass s c a l e  w i t h  t h e  

corresponding i n f i n i t e  s e t  o f  mathemat ica l l y  non- equiva lent  s o l u t i o n s .  

The pass ive  d i l a t a t i o n  symmetry i s  a  t y p i c a l  case o f  a  spontaneously 

broken symmetry, i n  t h e  sense o f  t h e  p resen t  s e c t i o n .  I f {$ (x ) ,  A'(Z)I 

i s  a  s o l u t i o n  ( w i t h  " p h y ~ i c a l ~ ~  e l e c t r o n  m a s s h ) ,  then  { $ ' ( z ) = x ~ ' ~ $ ( x x ) ,  

A"(x) = XI'(XX)I i s  a l s o  a s o l u t i o n  ( w i t h  e l e c t r o n  mass m ) .  

l t  i s  i n t e r e s t i n g  t o  n o t e  t t i a t ,  f o r  t h e  case o f  more genera l  conforma1 

invar iance ,  t h e  above argument i s  n o t  v a l i d .  I n  a genera l  p h y s i c a l  sys-  

tem, no s imp le  change o f  d e s c r i p t i o n  a r e  known wti ich leave p h y s i c a l  

q u a n t i t i e s  i n v a r i a n t  and which correspond t o  conforma1 t rans fo rmat ions .  

b)  D i l a t a t i o n  i n v a r i a n c e  i s  a  space- time symmetry and has, t h e r e f o r e ,  a  

c l e a r  c l a s s i c a l  meaning. A n o n- c l a s s i c a l  symmetry t rans fo rmat ion ,wh ich  

occurs q u i t e  n a t u r a l l y  i n  c e r t a i n  Quantum F i e l d  Theor ies,  i s  t h e  renor-  

m a l i z a t i o n .  The va lues  o f  c o u p l i n g  cons tan ts ,  and t h e  a p r i o r i  n o t  

de f ined  r e n o r m a l i z a t i o n  o f  a  f i n i t e  number o f  s i n g u l a r  l o c a l  o p e r a t o r  

p roduc ts  a r e  considered as a p a r t  o f  t h e  s o l u t i o n .  Then on can, a t  

l e a s t  i n  renorma l i zab le  Quantum F i e l d  Theor ies,  c o n s t r u c t  new s o l u t i o n s  

f rom a givem one, by m u l t i p l y i n g  f i e l d  opera to rs ,  c o u p l i n g  cons tan ts  

and t h e  mentioned p roduc ts  by s u i t a b l e  r e l a t e d  f i n i t e  numbers. Under 

such t rans fo rmat ions ,  a l l  p h y s i c a l  q u a n t i t i e s  remain unchanged. 

A r e n o r m a l i z a t i o n  symmetric f o r m u l a t i o n  o f  t h e  theory  cannot,  o f  course, 

c o n t a i n  f i x e d  canon ica l  commutation r u l e s ,  b u t  these a r e  i n  general 

anyhow untenable.  As i n  the case o f  pass ive  d i l a t a t i o n  symmetry i n  



Q.E.D., which one on l y  can break by b ru te  f o rce  as by pos tu la t i ng  a de- 

f i n i t e  value f o r  the e lec t ron  mass, one can a l so  on iy  break renormali- 

za t i on  symmetry ra ther  a r t i f i c i a l l y .  One may do t h i s ,  f o r  instance, 

by demanding, as pa r t  o f  the theory, a d e f i n i t e  norrnalization o f  cer-  

t a i n  Greenis func t ions  a t  prescr ibed momenta, i n  t h i s  way excluding the 

o ther  so lu t ions  and w i t h  t ha t  destroying the passive symmetry. 

I n  t r y i n g  t o  g i ve  an e x p l i c i t  example o f  a renormal izat ion i nva r i an t  

f i e l d  theory, we are  o f  course hampered by the f a c t  t ha t  no c lea r l y  ccn- 

s i s t e n t  Quantum F i e l d  Theory i n  four  dimensions has ye t  been construc- 

ted. I n  Quantum Electrodynamics, one might, f o r  instance, imagine the 

f r e e  Lagragian o f  the e lec t ron  t o  be def ined by15: 

where S-'(E) (contain ing as a f a c t o r  the equivalent  o f  the conventional 

Z2) i s  the inverse o f  the e lec t ron  propagator S(E) : 

An analogous form can be assumed f o r  the f r e e  Maxwell Lagragian. I n  the 

i n te rac t i on ,  the renormal i z a t i o n  f a c t o r  o f  S" (E) i s  a l so  included , 
play ing  the r o l e  o f  Z J ( = Z ~ ) ,  and the value o f  the coupl ing constant i s  

assumed t o  belong t o  the s o l u t i o n  o f  the theory, To guarantee tha t  one 

has the usual s t rength  o f  the electromagnetic in terac t ion ,  one demands, 

as p a r t  o f  the theory, the cond i t ion :  

w i t h  a being the usual f i n e  s t ruc tu re  constant and D the t ransversal  
t 

photon propagator. As a resu l t ,  the theory w i l l  have the desired passF 

ve symmetry: i f  { $ L ) ,  A ~ X )  ,e) i s  a so lu t ion ,  then {$ I ( x )  = z:" $(z), 

A"(X)=Z:/~ ~ ' ( x ) , e l =  z;l/'e}, w i t h  the Ziis being a r b i t r a r y ,  f i n i t e  , 
p o s i t i v e  constants, i s  a lso  a so lu t ion .  



I n  the fo l lowing,  we sha l l  assume tha t  the theory under d iscussion can 

be formulated passively symmetric under renormal izat ion transformations, 

and d i l a t a t i o n s  as w e l l .  

The d i r e c t  product o f  both, commuting, abe l ian  L i e  groups w i l l  be ca l -  

led  the "Di 1 a t a t  ion-Renormal i z a t  ion" (D.R.) Group. As we have remarked, 

t h i s  symmetry i s  i n  agreement w i t h  the r e s u l t s  o f  renormalized pe r tu r -  

ba t ion  theory. Any passive invar iance o f  a f i e l d  theory is ,  by d e f i n i -  

t i on ,  i nhe r i t ed  by equivalent  equations der ived from it, as, for  instan- 

ce, the equations f o r  the Green's funct ions.  As long as a n o n- t r i v i a l  

r e l a t i v i s t i c  quantum f i e l d  theory cannot be cons i s ten t l y  formulated,one 

rnay instead s t a r t  from these equations. The non-uniqueness o f  the so- 

lu t i ons  corresponding t o  the D.R. group i s  then generated be the non- 

uniqueness o f  spontaneousl y broken symmetry sol  u t  ions21 o f  Dyson - 
Schwinger equations o r  by the a r b i t r a r i n e s s  i n  the renorrnal izat ion pro- 

cedure. However, the general symmetry view (as many other cons idera t i -  

ons) becomes c learer ,  i f  one assumes tha t  there e x i s t s  some under ly ing 

f i e l d  theory, which hopefu l ly  w i l l  once be exac t l y  def ined.  

A transformation, character ized by the d i l a t a t i o n  parameter h and the 

renormal izat ion parameters Z ac ts  on the f i e l d  operators and coupl ing 
i' 

constants as: 

where t h e d ' s  are  canonical mass dimensions. I solves the 

theory, then {$!,e!} i s  another so lu t i on .  
2 3 

For the  vacuum expectat ion values, i t  fo l lows tha t  



Vertex funct ions,  i n  momentum var iab les ,  t ransform as: 

where d and Z are,respect ively,  the canonical mass dimension and re-  r r 
normal i z a t i o n  constant o f  the general ver tex  r, ca lcu la ted from the 

ones o f  the composing f i e l d s  and inverse propagators, and p denotes a11 

momentum arguments. 

Let us suppose tha t  one has found a s o l u t i o n  o f  the theory def ined by 

the complete i n f i n i t e  se t  o f  ve r t i ces .  Then, a continuous mani fo ld o f  

sets o f  o ther  so lu t ions  can be found by apply ing the t ransformat ion (6), 
f o r  d i f f e r e n t  values o f  2. and A, t o  each'vertex o f  the so lu t i on :  

2 

r l l (p)  being the o r i g i n a l  so lu t ion .  This statement means j u s t  the 

assumed passive symmetry o f  the theory. The parameters X and Z o f  the i' 
D.R. group, may i n  t h i s  way be used t o  charac ter ize  any o f  the s o l u t i -  

ons i f  one so lu t ion ,  r l l (p), i s  given. 

3. APPLICATIONS 

As i s  t r u e  i n  general f o r  passive symmetries, a l so  i n  the  case o f  the 

D.R.group, add i t i ona l  assumptions a r e  necessary t o  draw physical  con- 

c1 us ions. 

a) Let us f i r s t  make the strong assumption tha t  the many-parameter D.R. 

transformat ions, Eq. (71, conta i n  a one-parameter subgroup, 2 .  (A), which 
2 

i s a "good" symmetry, be i  ng 

i nva r i an t  vacum. For t h i s  

L.H.S. o f  ~ q . ( 7 )  must be 

can, therefore,  w r i  t e  

representable by a u n i t a r y  operator w i t h  an 

subgroup, the coupl ing constants and the 

ndependent o f  X (say , equa 1 t o  r ( p )  ) . We 
11 



d Rn Zr(A) d Rnr (Ap) 
-dr + + = o .  

d Rn A d RníAp) 

As t h i s  equation should be v a l i d  f o r  a11 values o f  p, one obtains 

d Rn Zr (A) 
= - a r ,  

d Rn A 

w i t h  a being constant. The so lu t i on  w i t h  Z(1) = 1 i s  r 

and i nse r t i ng  Eq. (10) i n  Eq. (7) one has 

Applying the same ana lys is  t o  a number o f  su i t ab le  ve r t i ces  f o r  the 

2. 's ,  o f  which the Zrls are  composed, a power law i s  a l so  found: 
Z 

This type o f  conclusion, i n  which an assumption concerning the L.H.S.of 

Eq. (7) determines the t r a j e c t o r y  Z . ( A ) ,  w i l l  i n  the fo l l ow ing  recur 
2 

repeatedly. 

The "good" one-parameter subgroup o f  the D. R. transformat ion ( 4 )  becomes, 

from Eq. (12), 

One might cal1 t h i s  combination o f  a normal d i l a t a t i o n  and a renorma- 

l i z a t i o n  an "anomalous d i l a t a t i o n" .  Usually, the t ransformat ion (13) 

i s  considered as being a normal d i l a t a t i o n  but  w i t h  the "anomalous d i -  

mens ions" ai . 



From the present po in t  o f  view, i t  becomes understandable why, i n  theo- 

r i e s  w i t h  anomalous dimensions, many observables t ransform w i t h  t h e i r  

"normal" dimensions, which are  obtained by assigning canonical dimen- 

sions t o  the composing f i e l d  operators. Observables are  most o f t e n  so 

def ined tha t  they are  renormal izat ion invar ian t .  Their  representat ion,  

w i t h  respect t o  the pure Renormalization Group, i s  then the t r i v i a l  one, 

and the e f f e c t  o f  the D.R. group on these quan t i t i es  reduces t o  pure 

d i l a t a t i o n s  which are  def ined t o  be the conventional ones. As an exam- 

ple, we may quote the electromagnetic current ,  which i s  renormal izat ion 

invariant: because o f  \dardas Iden t i  ty ,  and has there fore  the normal d i -  

mension, d = 3. 

We have shown tha t  i f  the passive D.R. group contains a good subgroup, 

then t h i s  can on l y  be an anomalous d i l a t a t i o n .  However, i n  t h i s  case 

i t  f o l  lows from Eq. (1 1) t ha t  such a theory cannot have a d i sc re te  non- 

zero mass spectrum. For our add i t i ona l  cond i t i on  t o  be app l icab le  t o  a 

r e a l i s t i c  theory, we have there fore  t o  weaken it. 

b) Let us suppose tha t  a1 1 symmetries o f  the D.R. group are  spontane- 

ously broken, bu t  t ha t  there i s  a subgroup which leaves a l l  ve r t i ces  

asympto t ica l ly  i nva r i an t  f o r  s U f f i c i e n t l y  la rge values o f  the momenta 

(or  h ) .  I n  t h i s  case, exac t l y  the same reasoning as above can be 

applied, w i t h  the understanding tha t  i t  i s  on l y  v a l i d  f o r  s u f f i c i e n t l y  

la rge p-values . Expression (1 1) now determines on l  y the asymptot i c  be- 

haviour o f  the ver t ices .  The anomalous d i l a t a t i o n ,  Eq. (13), "becomes 

a good symmetry" a t  s u f f i c i e n t l y  h igh  momenta. 

k l though the present case admits o f  a d i sc re te  mass spectrum, i t s  as- 

sumption i s  probably s t i l l  too s t rong t o  be genera l ly  v a l i d .  

c )  To ob ta in  a real  i s t i c  case, we sha l l  add t o  r e l a t i o n  (7) some i n f o r -  

mation which Renormal ized Per turbat ion  Theory suggests, and wliich i s  

supposed t o  be t rue  i n  each order o f  the per turbat ion .  O f  course, the 

hope i s  t ha t  these r e l a t i o n s  are a l so  v a l i d  f o r  the exact so lu t i on .  

Proofs o f  these r e s u l t s  o f  pe r tu rba t i on  theory, so f a r  as they e x i s t  , 
may be found i n  standard t r e a t m e n t ~ ~ ' ~ ' .  



Renormalized Per turbat ion  Theory i s  an approximate method o f  so lv ing  the 

problem by means o f  a  l i m i t i n g  procedure, which consists o f  a  smooth re- 

t r a c t i o n  o f  a  regu la r i za t i on .  I f  the so lu t i on  o f  a  theory i s  no t  unique, 

then the p a r t i c u l a r  so lu t i on  one f i nds  by any l i r n i t i n g  procedure w i l 1 , i n  

general, depend on the way i n  which the l i m i t  i s  reached. This i s  what 

happens i n  per turbat ion  theory. By choosing d i f f e r e n t  values f o r  a  pa- 

rameter, which i s  kept f i xed  i n  the l i m i t i n g  procedure, one i s  able t o  

generate a  one-parameter set  o f  solut ions,  cornparable t o  the one-parame- 

t e r  sets under a) and b) o f  t h i s  sect ion.  However, the r e l a t i o n  between 

these so lu t ions ,  f o l l ow ing  from per turbat ion  theory, is  s t i l l  weaker than 

the asppto t  i c  invariance condi t ion. 

Let us now consider a  theory w i t h  severa1 physical nasses. Under the D. 

R. group, the mass r a t i o s  rernain invar ian t ,  and we can there fore  def ine  

the scale o f  any so lu t i on  by g i v i n g  the physical rnass m o f  one s p e c i f i -  
R 

ed p a r t i c l e .  Usually, the l i m í t s  i n  per turbat ion  theory are  so pe r fo r -  

med tha t  t h i s  " renormalized" rnass has, i n  a11 cases, the sarne f i x e d  va- 

lue. The parameter, t o  which d i f f e r e n t  values are given, i s  the quant i-  

t y  p2  o f  the externa1 ( m ~ m e n t a ) ~ ,  a t  which a  su f f  i c i e n t  nurnber o f  simple 

ve r t i ces  are normalized i n  order t o  f i x  a l l  renorrnalization constants, 

Zi. These constants, and consequently a l so  the coupl ing constants e i' 
which are  associated w i t h  a  pa r t  of the Z's, a re  there fore  funct ions o f  

U. 

Per turbat ion  theory gives the ve r t i ces  as a  power ser ies  o f  the coupling 

constants. These rnay be w r i t t e n  as 

where r abbreviates the i n f i n i t e  set  o f  ve r t i ces  o f  the so lu t i on  under 

considerat ion,  and p denotes the occur r ing  mornenta, wh i le  e stands fo r  

the coupl ing constants e i .  

For the same momenta, corresponding ve r t i ces  i n  two so lu t ions  (14), f o r  

d i f f e r e n t  values o f  p, d i f f e r  on l y  by a  constant normal izat ion f a c t o r  , 
but t h i s  f ac to r  i s  ra ther  i n d i r e c t l y  given. The value o f  p does not in -  



d ica te  d i r e c t l y  the so lu t i on  which i s  selected, but  i t  def ines the way 

i n  which t h i s  se lec t i on  i s  performed. To s i m p l i f y  t h i s  s i t u a t i o n ,  we 

choose an a r b i t r a r y  but  d e f i n i t e  value pO o f  v .  On a representat ion w i t h  

, v  = Avo, we apply a  (normal) passive d i l a t a t i o n  t ransformat ion w i t h  pa- 

rarneter A, and as a  consequence o f  passive d i l a t a t i o n  invar iance we 

ob ta in  again a  so lu t i on .  One has 

where the 

Instead o f  

1, 

i s .  i d e n t i t y  fo l lows from dimensional analys 

the se t  (14) we shal l use the se t  (151, 

i s  character ized by a  value o f  A. 

i n  which each member 

I n  a  s i m i l a r  way, the se t  (15) could have been der ived f o r  the case o f  

a  dimensional regu lar iza t ion ,  where p has then another meaning16. 

I n  f ac t ,  from our po in t  o f  view, we could have more n a t u r a l l y  obtained 

the se t  o f  so lu t ions  (15) d i  r e c t l y  from the renormal i z a t i o n  procedure, 

by keeping the parameter and the renormal izat ion p r e s c r i p t i o n  f i xed,  

and instead vary ing the mass scale, se lec t i ng  the p a r t i c l e  mass t o  be 

equal t o m / A .  The d e t o u r o v e r  expression (14) was taken t o  make the R 
connection w i t h  the usual treatment. 

As a11 our so lu t ions  (15) are  re la ted  on l y  be renormal izat ions and d i -  

l a ta t i ons ,  one has from Eqs. (7) and ( E ) ,  

where we have ommited the f i x e d  parameter pO. I n  t h i s  way, the one-pa- 

rameter se t  o f  pe r tu rba t i on  so lu t ions  def ines a  one parametric t r a j e c -  

t o r y  Z i ( A ) ,  i n  the mul t i-parameter (X,Z;)-space o f  the D.R.group (as i n  

a)  and b) o f  t h i s  sec t ion) .  By vary ing the normal i z a t i o n  cond i t ions  a t  

the p o i n t  pO, one may f i n d  a  dense se t  of one-parameter t r a j e c t o r i e s  . 



i h e  zi(h) va lues o f  any two t r a j e c t o r i e s  are, however, r e l a t e d ,  by 

h- independent f a c t o r s  and i t  i s  t h e r e f o r e  s u f f i c i e n t  t o  d iscuss  one o f  

these t r a j e c t o r i e s .  

By w r i t i n g  Eq.(16) f o r  those v e r t i c e s  by which t h e  c o u p l i n g  cons tan ts  

and r e n o r m a l i z a t i o n  cons tan ts  a r e  def ined,  d i f f e r e n t i a t i n g  t h e  logarithm 

o f  these equa t ions  w i t h  respec t  t o  t h e  logar i thms o f  t h e  ex te rna1  (mo- 

menta l2,  and t a k i n g  these equal t o  p 2  one f i d s ,  as usual ,  equa t ionso f  
o '  

t h e  t ype  

The dependence on t h e  f i x e d  v a l u e  uo has aga in  been d ropped .Per tu rba t i -  

on theory  g i v e s  t h e  f u n c t i o n s  f3 and y as s e r i e s  expansions i n  t h e  cou- 

p l  i n g  cons tan ts .  (6ecause these cons tan ts  a r e  d i  r e c t l  y  r e l a t e d  t o  some 

o f  t h e  r e n o r m a l i z a t i o n  constants ,  t h e  corresponding 6 's  and y ' s  a r e  n o t  

i n d e ~ e n d e n t  .) Eqs. (I 7) and (1 8) g  i ves  t h e  changes o f  t h e  coupl i hg and 

renormal i z a t  i o n  cons tan ts  a long  a t r a j e c t o r y  zi(A), and may be compared 

w i t h  the  much s t r o n g e r  Eq. ( 9 ) .  

The impor tan t  assumption made by Gell-Mann and L O W ~ ,  which seems p lau-  

s i b l e  and i s  conf irmed by  p e r t u r b a t i o n  theory, i s  t h a t  f o r  s u f f i c i e n t l y  

l a r g e  va lues  o f  h, i .e . ,  f o r  s u f f i c i e n t l y  small  va lues o f  m = mR/h i n  

t h e  s e t  (15),  under f i x e d  n o r m a l i z a t i o n  c o n d i t i o n s ,  t h e  e x p l i c i t  depen- 

dente on t h e  s c a l e  o f  t h e  p a r t i c l e  masses vanishes. T h i s  means t h a t  , 
f o r  h i g h  A,  

r(p,e(rndh),m,/A) -t ríp,e(mR/X) ,O) . 

I n s e r t i n g  t h i s  1 i m i t  i n t o  ~ q .  (16) ,  one o b t a i n s ,  f o r  l a r g e  A,  

d 
r(Ap,e(m,),m,)=h r ~ F ' ( h ) r ( ~ , e ( m ~ / h )  ,O ) . (20) 



I f ,  i n  a d d i t i o n ,  a l s o  t he  l i m i t s  

would e x i s t ,  one would have e x a c t l y  the  prev ious case b) o f  asymptot ic  

invar iance ,  lead ing  +o anomalous dimensions. Th is  assumption, however, 

may be i n  general too  s t rong .  Instead, as i n  Eq. ( l g ) ,  o n l y  on t he  R.H. 

S. o f  Eqs. (1 7) and (1 8) the  expl  i c i  t dependences on the  mass-scal e 

seems, f rom p e r t u r b a t i o n  theory,  t o  vanish i n  the  l i m i t  mR/A+O. One ob- 

ta i ns ,  i n  t h i s  l i m i t ,  

w i t h  t he  A-dependence on t he  R.H.S. o ccu r r i ng  o n l y  i m p l i c i t l y  i n  the  

coupl i ng  constants.  

Eqs.(20),(22) and (23) form the  bas i s  o f  rnost d iscuss ions  on t he  Renor- 

rna l i za t i on  Group. I n  f a c t ,  t he  convent ional  Renormal izat ion Groupecp-  

t i o n  f o r  general v e r t i c e s  i s  ob ta ined  by d i f f e r e n t i a t i n g  t he  l oga r i t hm  

o f  Eq.(20), w i t h  respect  t o  Rnh, i n s e r t i n g  Eqs.(22) and (23) and going 

back t o  the  va r i ab l e .  We o b t a i n  the  wel lknown s o l u t i o n  o f  t h i s  d i f -  

f e r e n t i a l  equa t ion  d i r e c t l y ,  s u b s t i t u t i n g  i n  Eq. (20) the coupl i n g  and 

renormal i z a t i o n  constants by the  convent ional  s o l u t i o n s  o f  Eqs.(22) and 

(23). The reason why we save one i n t e g r a t i o n  i s  t h a t  the  usual approach 

i m p l i c i t l y  works w i t h  an i n f i n i t e s i m a l  ve r s i on  o f  the  t rans fo rmat ion  

(7) whereas we use the  g loba l  t rans fo rmat ion .  From the present  p o i n t  

o f  view, i t  i s  understandable why the  Renormal izat ion Group equat ions 

can be i n t eg ra ted ,  and the  general form o f  the  s o l u t i o n  becomes t r ans-  

pa ren t . 
One migh t  d e r i v e  exac t  Renormal izat ion Group equat ions by d i f f e r e n t i a -  

t i n g  the  l oga r i t hm  o f  ~ q . ( 1 6 ) ,  w i t h  respect  t o  Rnh, and us ing  Eqs. (17) 



and (18). However, t h i s  procedure i s  a g a i n a  detour, as Eq.(16) i s  

a l ready the exact formal so lu t i on  i n  which one i s  interested.  Given 

s u f f i c i e n t  informat ion concerning the mdX-dependences o f  the  functions 

occur r ing  i n  Eqs.( l6), (17) and (18),corrections t o  the,vanishing mass 

approximation, i n  the conventional Renormalization Group equations, 

would be calculable.  

We remark tha t  any so lu t i on  o f  the Renormalization Group, Eq.(18), de- 

f ines ,  by ~ q .  (4 ) ,  a g lobal  symmetry t ransformat ion o f  the f i e l d  opera- 

tors ,  which i s  a genera l iza t ion  o f  the usual d i l a t a t i o n  transforma- 

t i ons  o r  o f  the anomalous ones given i n  Eq.(13). 

4. CONCLUDING REMARKS 

The main po in t  o f  the present paper i s  t o  show tha t  Renormalization 

Group Theory has a common root  w i t h  other symmetry theor ies,  be they 

concerned w i t h  physical  o r  spontaneously broken symmetries. The root  

i s  the natura l  occurrence o f  a passive symmetry i n  the basic theory . 
The t ransformat ions re levant  t o  the Renormalization Group form a one- 

parameter subset o f  the d i r e c t  product o f  the usual d i l a t a t i o n  and re- 

normal i z a t  ion pass ive  symmetry groups. This subset i s  g iven by thei 

se t  o f  so lu t ions  which i t  connects, i.e., i n  p rac t ice ,  by the selected 

renormal izat ion procedure. Seen i n  t ha t  way, the on l y  essent ia l  d i f -  

ference w i t h  the case o f  conventional symmetries i s  t ha t  the t rans fo r-  

med representat ions are  not u n i t a r y  equivalent ,  bu t  have a weaker 

r e l a t i o n ,  on which, f o r  instance, per turbat ion  theory may g i ve  i n f o r -  

mat ion. 

One may wonder how could we have avoided t o  even mentioning the i n f i -  

n i t i e s  o f  Quantum F i e l d  Theories, which appear t o  be bas ic  i n  many 

treatments o f  the Renormalization Group. From our viewpoint,the essen- 

t i a 1  func t i on  o f  these i n f i n i t i e s  i s  t o  a l l ow  f o r  the non-uniqueness 

o f  the s o l u t i o n  which must occur i n  the theory, i f  i t  Fossesses the 

passive D.R. Symet ry .  A f te r  having postu la ted t h i s  symmetry, and the 

f i n i t eness  o f  the theory, and as long as we avo id  e x p l i c i t  ca lcu la-  

t i ons ,  we do not  need t o  discuss anymore how, i n  d e t a i l ,  the Renorma- 

l i z a t i o n  Program masters the i n f i n i t i e s .  



Recently, ' t  Hooft and ~ e i n b e r ~ ~ " ~  (see a l so  Refs. 11,12) have found 

a va r i an t  o f  the usual way o f  handling pe r tu rba t i ve  renormalization, 

which leads t o  "New Renormalization Group Equations" corresponding t o  

t r a j e c t o r i e s  f o r  which Eqs. (22) and (23) are exact ly  t r ue  f o r  a1 1 va- 

lues o f  A. The p r i c e  one has t o  pay i s  t ha t  the arguments correspon- 

d ing  tomR/A o f  r ,  i n  Eq.(16), are now"ef fect ivenmasses,  which are  

funct ions o f  the coupl ing constants and A. The main advantage i s  t ha t  

the New Renormalization Group Equation can be fo rmal ly  integrated,. be- 

f o r e  the vanishing mass approximations have been made. Therefore, the 

va l  i d i  t y  o f  the approximation (19) can be inves t  igated and cor rec t ions  

t o  i t  calculated.  The new s o l u t i o n  i s  again obtained i f  one subst i tu -  

tes, i n  Eq. (71, the re levant  expressions f o r  the ver tex  and renormal i- 

za t i on  constants. As remarked e a r l i e r ,  Eq.(16) may a l so  be considered 

as the formal so lu t i on  o f  exact Renormalization Group equations. 

Our po in t  o f  view i s  q u i t e  d i f f e r e n t  from the one taken i n  the imagina- 

t i v e  work o f  Wilsonl', who discovered the remarkable analogy between 

Kadanoffls scal ing proper t ies  o f  Many Body Systems,at c r i t i c a l  po in t s2>  

and the Renormalization Group Equations o f  R e l a t i v i s t i c  Quantum F i e l d  

Theory. Whereas i n o u r  treatment, the RenormalizationGroup, as any 

conventional symmetry group, i s  a se t  o f  t ransformat ions between solu- 

t i ons  o f  one d e f i n i t e  theory, i n  Wilson's theory i t  transforms d i f f e -  

ren t  c u t o f f - i n t e r a c t i o n s  i n t o  each ofher. The connection between the 

two approaches i s  about the f o l  lowing. Our non-equivalent so lu t ions  (15) 

o f  one d e f i n i t e  theory may be generated by renormalizing, d i f f e r e n t l y  , 
regularizeci theor ies.  These regu lar ized theor ies are re la ted  t o  each 

o ther  as Wilson's d i f f e r e n t  i n te rac t i ons  on the "renormalized" t r a jec -  

t o r y  i n  h i s  space o f  in terac t ions ,  namely, by a combined d i l a t a t i o n  and 

renormal izat ion.  

Any symmetry o f  a theory i s  unavoidably l i nked  t o  a non-uniqueness o f  

the  mathematical descr ip t ion ,  which there fore  must conta in  q u a n t i t i e s  

w i thout  a d i r e c t  physical  meaning. The anomalous dimension o f  a char- 

ged f i e l d ,  being gauge-dependent, i s  one example o f ' such  a quant i ty .  

This general symmetry property may exp la in  why considerat ions on 

the r e l a t i v i s t i c  Renormalization Group o f t e n  do not  f o l l o w  the pat te rns  

o f  naive physical  i n t u i t i o n .  



The au thor  thanks D.Dil lenbut-g f o r  s t i m u l a t i n g  d iscussions.  
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