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+ - 
The d u a l i t y  p roper t ies  i n  e -e annih 

models are  discussed. For any c o n f i n  

g in,  i t  i s  found t h a t  d u a l i t y  a r i ses  

re la ted  t o  the squared mass M~ o f  the  

Coulomb case i s  a l so  discussed. 

i l a t i o n  o f  Schrtldinger bound s t a t e  

ing potent ia l ,  regu lar  a t  the o r i -  

i f  the eigenvalue E i s  l i n e a r l y  

bound s ta te .  The nonconfining 

Discutem-se as propriedades de dual idade na aniqui  lação e+-e- em mode- 

los descritos por estados ligados de SchrHdinger. Para qualquer po- 

t enc ia l  conf i nante, regular  na origem, obter-se-á dual idade quando o 

autovalor  E f o r  1 inearmente relacionado ao quadrado da massa, M ~ ,  do 

estado l igado. O caso não conf inante, do t i p o  coulombiano, é também 

d i scu t i do .  

1. DUALITY IN e+-e- ANNIHILATION 

Electron-posi t r o n  anni h i  1 a t  ion i n t o  hadronsl seem t o  have two regions: 

i )  the "resonance" region, dominated by prominent peaks l i k e  P', w; 41 
and J/$,Jil (q2  around 0 . 7 8 ~ ;  1 .022 and 3.12, 3.72 G ~ V ~  , respect ively) ,  
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i i )  the "scaling" region, i n  which the t o t a l  cross sec t ion  i s  

5 ~ 0 t h  and decreasing as l/q2 ( ( 1 . 7  G ~ V )  < q 2  2 (3.0 G ~ V )  and f rom 
+ - 

(4.5 G ~ v ) *  up t o  the end o f  present e -e storage r i n g  energies) . 

I n  the resonance region the cross sec t ion  i s  g iven by2 

+ - M~ ryfot 
U (e e +hadrons) = - 

t o t  ( 1 )  

M and rtot denote the mass and t o t a l  w id th  o f  the resonance, M;/2yV i s  v v 
the vector-meson-photon coupl ing and i s  re la ted  t o  the l ep ton i c  decay 

w id th  v i a  

The scal ing  region can be described by the quark-parton model 3 , y i e ld ing  

+ - 41TCi2 
o (e e + h a d r o n s ) ~  - 

tot r Q;, (2) 3q2 quarks 

where & i s  the charge o f  the ith quark 
i 

o (e'e- -+ hadrons) 
t o t  R % -  = 1 Q;. (2 ' )  

(e'e- -+ p+ p-) quarks 
t o t  

I f  there i s  "dual i ty", then the parton rnodel cross sec t ion  and the l o -  

ca l  average over resonances should be equal t o  each other,  no t  on l y  i n  

some t r a n s i t i o n  region but  a l so  a t  la rge q2 and i n  the threshold region. 

This can be formulated as 

where V=pO,u; 4, J / + ,  . . . type and i = p, r; A ,  c,. . . type; wh i le  AI$ i s  

the d i f f e rence  o f  squared masses o f  two neigbouring resonances. 



Under the assumption tha t  AM2 is a constant, the r e s t r i c t i o n  on the M - v v 
dependence o f  TV, f o l  lowi  ng f rom Eq. (31, was f i r s t  conjectured by 

Bramon, E t i m  and ~ r e c o ' .  I t  was shown by Bdhm, Joos and ~ r a m n e r ~ t h a t  i n  

a f i e l d  t heo re t i ca l  dynarnical quark model w i t h  s t rong ly  bound heavy 

quarks R ( M ~ )  i s  a constant f o r  la rge ~ ~ . ~ h e n o m e n o l o ~ i c a l  s tud ies  o f  the v V 
threshold reg ions have been made by ~ a k u r a  i 6 ,  Schi ldknecht and ~ t e i  ner7. 

We want t o  inves t iga te  i n  t h i s  paper the sca l ing  and d u a l i t y  proper- 

t i e s  o f  Schrudinger type (three-dimensional) quark-antiquark bound 

s t a t e  models. I n  such a rnodel r (v+JLi!L-) i s expressed by 

where $(O) i s  the coordinate space Schrddinger wave func t i on  a t  zero 

distance and <Q$ E Trace (&.V), w i t h  V being the interna1 symmetry 

p a r t  o f  the vector  meson wave func t ion .  Since 

I QS = I <sv>2 , 
quarks vector  

Eq. (3) can be put  i n t o  the pure ly  dynamical form 

Since $(O) vanishes f o r  angular momenta 

bound states con t r  ibu te  t o  e+-e- ann i h i 

R = 1,2, ..., on ly  the S-wave 

I a  t ion. The index r denotes the 

r a d i a l  quanturn number, count ing the nodes i n  the wave func t ion .  

We f i r s t  discuss the " l i nea r  confinement" p o t e n t i a l .  which has been 

advocated very recent ly  i n  connection w i t h  the new p a r t i c l e s 8 .  



2. SCALING VIOLATION OF THE STANDARD LINEAR QUARK CONFINEMENT 
MODEL 

I n  the n o n r e l a t i v i s t i c  desc r i p t i on  o f  quark-antiquark bou.nd states,  one 

usua l l y 8  s t a r t s  from the Schr8dinger equation 

and re la tes  the eigenvalues E t o  the bound s ta te  masses M by 

+ 
For a l i n e a r  po ten t i a l  V=VO + h.R (R'= x 2) ,  t l ie  Schrtfdinger equation 

has a n a l y t i c a l  so lu t ions  f o r  S waves, which can be expressed i n  terms 

o f  an A i r y  f unc t i on  and i t s  de r i va t i ve
g
:  

where ~ = ( m . h ) ' / ~ .  The a denote the posi t i o n  o f  the nth zero o f  A i f d .  
n 

An approximation t o  the an i s  g iyen by10 

which even reproduces the value f o r  a, w i t h i n  1 % .  

The eigenval ues E are  g iven by 

Note tha t  1+(0) 1 i s  independent o f  r : 

We now inse r t  Eqs. (S ) ,  (1 1) and (12) i n t o  ~ q .  (6), obta in ing  

10 



When we consider la rge r, we may neglect  the constant 2m + Vos and from 

the asymptotic expression (10) we f i n d  

const 
Rred(r) l z e  F r (14) 

Thus, the l i n e a r  con f i n ing  p o t e n t i a l  w i t h  th'e i d e n t i f i c a t i o n  M = 2m + E  

does not  scale f o r  la rge bound s ta te  masses and, consequently, i t  cannot 

s a t i s f y  d u a l i t y  i n  the l a rge  q2 region. 

We are  we l l  aware o f  the c r i t i c i s m  t h i s  statement may receive. We have 

used the model i n  the region o f  la rge exc i t a t i ons ,  where the naive 

Schrddinger desc r i p t i on  probably f a i l s .  However, from a mathematical 

standpoint, we may ask the question: how i s  sca l i ng  restored i n  t h i s  

? Since we want t o  keep the p r o b a b i t i t y  in terpre ta-  

ious t h a t  we have t o  p lay  w i t h  Eq. (8 ) ,  i .e., the  

s t a t e  mass M on the eigenvalue E. 

i s  obv 

bound 

SchrHd i nger model 

t i o n  o f  $(;I-, i t  

dependence o f  the 

3. QUADRATIC MASS FORMULAE AND DUALITY 

The requi  rement o f  scal  i ng,at l a rge  q2, o f  a SchrUdi nger bound s t a t e  

model imp 

wh i ch has 

For the 1 

ies  t ha t  R ( r ) ,  def ined i n  Eq.(6), 
red 

t o  be equal t o  one, i f  d u a l i t y  i s  t o  

should become a constant, 

8 be s a t i s f i e d .  

near con f i n ing  po ten t i a l ,  discussed i n  the previous sec t ion  , 
i t  i s  e a s i l y  seen, t ha t  sca l i ng  i s  obtained, i f  we r e l a t e  the eigenva- 

lues Ep, Eq. (1 1), t o  the masses Mr v i a  

M' = const + const '  . Er . 
r 



So f a r  t h i s  r e l a t i o n  i s  ad hoc, and thus t h e  e n t e r i n g  o f  the  quark mass 

and t h e  p o t e n t i a l  parameters i n t o  Eq.(15) i s  n o t  s p e c i f i e d .  We may, 

t h e r e f o r e ,  pa ramet r i ze  Eq. (15) as 

where C. has the  dimension o f  a  mass, and c, i s  a  c-number (6 = e = I )  

and R, denotes t h e  c i i a r a c t e r i s t i c  range o f  the  wave f u n c t i o n .  I f  we 

r e q u i r e  d u a l i t y  t o  be s a t i s f i e d  f o r  l a r g e  r, we may determine c l  f rom 

Rred(")  = 1 .  By s imp le  a lgebra ,  one f i n d s  ~ , = ( 1 2 ) ~ ' ~ .  

We have i n v e s t i g a t e d  o t h e r  " c o n f i n i n g "  p o t e n t i a l s  which have a n a l y t i c a l  

s o l u t i o n s ,  namely, t h e  three- dimensional  harmonic o s c i l l a t o r  and t h e  

s p h e r i c a l  bag. The s u r p r i s i n g  r e s u l t  i s  t h a t  a l l  these models s c a l e  

f o r  l a r g e  r a d i a l  quantum nimbers r ,  i f f  t h e  i d e n t i f i c a t i o n  Eq.(15) i s  

rnade, i .e . ,  i f  we l i n e a r l y  r e l a t e  the  Schrudinger e igenvalue and the  

bound s t a t e  rnass squared. A c o m p i l a t i o n  o f  t h e  normal ized S-wave func- 

t i o n s  and t h e  mass formulae i s  g i v e n  i n  Table I .  

Since we can h a r d l y  b e l i e v e  t h a t  t h i s  r e s u l t  i s  p u r e l y  c o i n c i d e n t a l ,  we 

may look  f o r  a  deeper reason and a  g e n e r a l i z a t i o n ,  independent ly  o f  the  

s p e c i f  i c  form o f  t h e  p o t e n t i a l .  In f a c t ,  t h e  r e l a t i o n  between i-' and r 
E a r i s e s  because o f  t h e  p r o p e r t y  r 

which can be ob ta ined"  f rom t h e  WKB s o l u t i o n  





w i t h  the Bohr-Sommerfeld quant iza t ion  cond i t ion  

provided V ( R )  i s  smooth around the o r i g i n .  

We a l so  invest igated a non con f i n ing  po ten t i a l  which i s  s ingu lar  a t  the 

o r i g i n ,  namely, the Coulomb p o t e n t i a l .  This po ten t i a l  l'scales", even 

f o r  a mass formula 

M~ = const + const l .  E ~ ,  @O . 
r 

(18) 

We should po in t  ou t  t ha t  i n  t h i s  case the l i m i t  o f  la rge r impl ies 
1 / 2  Mr + const, whereas f o r  conf in ing  po ten t i a l s  M -+ cons t '  . (E,) . r 

Amusingly enough, one could general i z e  ~ q .  (18) t o  an a rb i  t r a r y  mass 

formula 

The on ly  r e s t r i c t i o n s  are  tha t  f(x) increases monotonical ly w i t h  x and 

f ( ~ , )  i s  f i n i t e .  To sketch the proof :  

Thus the Coulomb case i s  ra ther  except ional* .  

* Another example12 o f  a solvable nonconfining po ten t i a l  i s  

v(R)--(cosh R/R,)-~, which we d i d  not  work out  here. But i t  should be 

mentioned tha t ,  i n  t h i s  case, the number o f  bound s ta tes  i s  f i n i t e .  



4. SUMMARIZING REMARKS 

We have inves t iga ted the sca l i ng  behaviour o f  quark -ant iquark bound 

s t a t e  models o f  the  Schrlfdinger type. Under the assumption tha t  t h i s  

desc r i p t i on  makes sense even f o r  la rge exc i t a t i ons ,  we have shown that ,  

f o r  the c lass  o f  a n a l y t i c a l l y  solvable conf in ing  po ten t i a l s ,  the loca l  

average o f  h igh  mass resonances e x h i b i t s  sca l i ng  behaviour and, there- 

fore,  can be made dual t o  the parton model, i f f  the eigenvalues o f  the 

SchrUdinger equation are l i n e a r l y  re la ted  t o  the mass squared. We have 

given a proof  t ha t  the quantum mechanical property,  Eq. (16), under ly ing 

the r e l a t i o n  between M~ and E i s  ra ther  independent o f  tk speci f ic form 

o f  the p o t e n t i a l .  

We have a l so  shown tha t  the Coulomb po ten t i a l  e x h i b i t s  sca l ing  f o r  a 

ra ther  general c lass  o f  mass formulae. But, c l e a r l y ,  i t  does not  con- 

f i n e  the quarks. 

The prob l em, wh i ch rema i ns t o  

o f  a Schrddinger type model w 

we would l i k e  t o  mention tha t  

n a t u r a l l y  i n  f i e l d  theore t ica  

Salpeter equat ion5. This ana 

be solved, i s  the dynamical j u s t i f i c a t i o n  

t h  a quadrat ic  mass formula. As a ' h i n t  , 
quadrat ic  mass formulae a r i s e  more o r  less 

bound s t a t e  models based on the Bethe- 

ogy, however, may be misleading because 

o f  the r e l a t i v i s t i c  nature o f  these models. Recently, Cra ig ie  and 

preparata13 have made an Ansatz whi c h ' s t a r t s  f rom a Bethe-Sal peter  type 

model, i n  which the t ime component o f  the amplitude i s  eliminated.These 

authors solved the  "bag" w i t h  the  r a d i i  increasing w i t h  the  bound s t a t e  

mass. We are  not  surpr ised tha t  t h i s  model shows scal ing,  s ince the 

essent ia l  input  seems not  t o  be the "bag-potential" bu t  ra ther  the qua- 

d r a t i c  mass formula. 
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