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A formal direct derivation df the quantum phase space for an ideal relativigtic gas sa-
tisfying Bose-Einstein or Fermi-Dirac statistics is given. The result is a cluster decom-
position in Boltzmannian phase spaces. The fundamental role of the symmetric group
is stressed.

E feita uma derivacio formal direta do espaco de fase para um gés ideal relativistico
satisfazendo sgja a estatistica de Bose-Einstein ou a de Fermi-Dirac. Dai resulta uma
decomposi¢do a maneira de Mayer em espagosde fase do tipo Boltzmann. Enfatiza-se
0 papel fundamental do grupo simétrico.

1. Introduction

In high energy physics literature, the expression phase space is usualy
employed to indicate the phase space factor, that is, the momentum
part of thewhole phase space to which aso the configuration spacecon-
tributes. In this sense, it is commonly presented under two forms®2,
the invariant and non-invariant ones. Both are useful in the calculation
o transition probabilitiesonce convenient normalizationsfor the states
are used, but only the second one is acceptablein Relativistic Statistical
Mechanics®. The reason for that is the non-invariance of the confi-

guration space.

Y et, another difficulty arises concerning the phase spaces commonly
used in Fermi-like models and in other multiple-production cacula
tions: they do not account for the syrnmetrization of states imposed
by quantum mechanics*. They correspond to the classica limit of
quantum statistics.

Questions o statisticsare best visualized in the partition function. In
*Work partially supported by FINEP (Rio de Janeiro).
**Fellow of the Fundagio de Amparo & Pesquisa do Estado de S&o Paulo (FAPESP).

***Pogtal address: C.P. 5956, 01000 — S&o Paulo SP.
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the canonical ensemble, it is, in the relativistic case, the four-dimen-
sional Laplace transform of the whole phase space:

OMB, V)= Jd“Pe"“’ Ry(P, V). (1-1)

Here, g is the inverse-temperature four-vector. It is shown, in section
2, that the commonly used phase space leads to Boltzmann statistics.

The aim dof this paper is to obtain in a direct, constructive, way the
correct N-particle phase spacefor bosons and fermions and to exhibit
the fundamental role played by the symmetric group. The same result
was recently obtained by Chaichian, Hagedorn and Hayashi® by an
inverse transformation procedure: Ry(P,V)is given as a sum of the
comrnonly used phase spaces. In our casg, the coefficients in the sum
are shown to be fixed by the symmetric group. This is the subject of
section 3. In section 4, it is proved that the proposed Ry is indeed
the correct one: it leads to the grand partition function for an ideal
bosonic or fermionic gas. Section 5 is devoted to discussfurther appli-
cations of our formal procedure.

2. Ordinary Invariant Phase Space and Statistics

We shall here be concerned with integrals of the type
N d3p_ N
1(P) = j [ 425 (P - ¥ p,-) T @)
i=1 4€; i=1
They are related to cross-sectionsin the casethat T isa squared tran-
sition matrix element and to the N-particle phase space when T is

a convenient function o the volume. I n particular, the whole invariant
phase space currently used is

RS‘(]))(P, V) = YV}T (%)N J(,ﬂ d3pi> 54 (P - iil p,) . (2—2)

Of course d3p is non-invariant, but so is ¥, in a way such as to make
Vd®p invariant. If we calculate the canonical partition function with
the'suitable choice (8,0,0,0) for the inverse temperature four-vector,

oNB. V) = Jd"’P e“m dE RYYE, P, V), (2-3)
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we get the result
1 VAN (& 3 2 2\1/2
QN(B:V)=W s iDld piexp [~ Bp? + )%}

= [0 V)T (4

This is the canonical partition function for an ideal Boltzmann gas.
The expression (2-2) is the version of the phase-space commonly used
in Fermi-like models, as well as in many calculations in multiparticle
production. The meaning o the result (2-4) is clear: Eq. (2-2) corres-
pondsto the classical limit of quantum statistics, where" indistinguisha-
bility" of the particlesisonly partially taken into account viathe Gibbs
factor (N!)~*. In the next section, we shall find the expression for the
phase space leading to the correct Bose or Fermi statistics.

3. The Correct Invariant Phase Space

The canonical partition function of an ideal non-relativistic gas may
be defined as®
On(B, V) = Try e~ Mo, (3-1)

where H, is the free Hamiltonian. The operator exp [ — fH,] can be
written in terms o the resolvent o H, by the Cauchy formula

e P = —2% §e'ﬂz dz _IHO : (3-2)

where the integration contour encircles the spectrum of H, . It is easy
to find that

e FHo — f dE e PE3(E — H,), (3-3)
0 .

so that
OnB, V) = JdE e PETry 8(E — Ho). (3-4)
We shall assume that this formal procedure remains valid in the re-

|lativistic case. We use the momentum eigenstates|p;p; ... pyy proper-
ly normh?lized and symmetrized and calculate the trace with the cons-

traint Y, p; = P; that is
<
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On(B, V) = f d*P e PETL 8(E — H,). (3-5)
Comparison with (2-3) shows that
Rn(P, V) = Tt} 8(E — Ho). (3-6)
The states |pip, ... pyy are such that’
(Pip2 - Dyl pip2 - pw) =

(]_[ 2e,> [Z (£)8*P1 ~ Pa) @2 — Pay) - 8°(Pr — PaN)]' (3-7)

fai}

The sum is over all possible ways of pairing two momenta and the
factor (i—)‘tomesfrom the statistics: (+) for bosons, (—) for fermions.
The exponent, «, is the order of permutation of the set {a; a, ... an}

Explicitly, Eq (3-6) reads

Ry(P,V) = J(ﬂ d3p )53<P _vz_vzl pi> X
X (Ul 2€i> {p1p2 .- bn |8(E — Ho)| p1p> .. px)- (3-8)

-1

N
The factor ( I 2ei> is due to the normalization (3-7).
i=1

The N-particle phase space becomes

1 N N N
RN(P, V) = WI(E d3pi> 53 <P — ';1 p,)é <E - .;1 €i> X
X I:{Z:}(i)a 53([’1 - pal) 53([’2 - paz) 53(pN - PaN)i| . (3'9)

Some insight about the summation inside the square bracket may
may come from the consideration o the first fev cases. Putting
Ou = 83 (p — ), We have:
N=1: z = 511 ,

{ai}
N=2: {Z} = 013022 + 012051,
N =3:) =0;1022033 % 811023032 + 813022031 £

fai}

+ 012021 033 + 012 623 031 + 813021 032
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N=3: [ll£3X[+2 X

N=4: [lllzeXIl+8X|+3XX £ 6

N=5: [ll{[z10 XIIl +20X [+ 30 Y|+
+15 XX 1 £20XA X + 24 WX

Zg _ Fig. 1 - Graphical representation of the cluster decomposition of Y for N = 3,4 and 5.
tai}



The integrations over the momenta put them on an equa footing.
For instance, in the case N = 3, the first term represents each particle
isolated; the following three terms exchange particles two-by-two and
give the same contribution; the last two terms give also identical con-
tributions and represent complete (anti-) Ssymmetrization. So,

N=3: Z{ = 011022033 £ 3015021 033 + 2012 023 031 -
{a;

It is known since long that quantum symmetrization may be viewed
as an "interaction™ (exchange interaction) imposed on an ideal Boltz-
mann gas. What has been shown above is, exactly, a cluster decom-
position for that case (casesfor N up to 5 are illustrated in Fig. 1).

The first term, for each N, is simply [§30)]" = (V/B*)". It represents
the case o N different momenta, where no (anti-) symmetrization is
done and gives, if taken alone, precisdly the Boltzmann case (Eq. 2-2).

The "interaction™ causes permutations among the particles and per-
mutations among N particles are related to the symmetric group Sy .
More precisely, both summations, in the examples above and in the
graphs in Fig. 1, represent the decomposition of Sy into its conjugate
classes (see Fig. 2). Each conjugate class accounts for permutations
in sub-systems of the N particles. As we have seen, there are three
ways o permuting 3 particles two-by-two. This illustrates

XXI = [2°.1]
M
XX = [3'2]

Fig. 2 - Typica graphs and its equivalence to terms of the decomposition of Sy into
its conjugate classes.

[4,1]

the general fact that the coefficient before each graph in the decom-
position is just the number of permutations of Sy in a given conju-
gate class, which is given by the well-known formula®:

-1

N
Cowy = NI l:ﬂljvjvj! } > (3-10)
j=
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where v, is the number of I-cycles in the class. The v,’s are subject to
the important condition

i Iy, = N. (3-11)

The nurnber _ &
m= L (3-12)

counts the cyclesin the class and will be useful below. The exponent

of the sign factor (i—)is (N — m), asis easily seen. In this way we get,
for the summation in EqQ. (3-9),
Y (£ 8y — Pa,) %02 — Pu,) 3> (Py — Pan)
{ai}

=Y (W Mepy 01 0% ... N, (3-13)

vi}

where the prime reminds us of condition (3-11). The symbol & repre-
sents a product of &3-functions with suitable arguments, forming a
k-cycle. Exemplifying

03 = 53(1)1 ~ Pi+1) 3*Pre1— Pr+2) 53(Pl+2 - P)-

It is convenient to impose Eq. (3-12) as an additional condition and
sum over m. Eq. (3-9) becomes

1 X 3 4 u A N —
Rx(P, V)=mf<I d pi>5 (P - pi> (BN x
: i=1 ] i=1 m=1
X ”C(Vi} oy 6‘2'2 v 5&1‘]
vi}

The double primed summation is restricted by both Egs. (3-11) and
(3-12). We will now show that integration over (N — m) momenta
yields a cluster decomposition of the correct phase space in terms of
ordinary phase spaces with multiple masses. For N = 2, we have:
1

RZ(Pa V) = 21

d3P1 d3P2 54(1) — D1 — P2) [5% * 52]-

However,
8; = 6%(py — p1) = 6%0) = V/R,
0, = 53(1’1 - P2) 53(P2 - P1)s
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"y

R,[PI=et Il £ 3 X1+ &

Ro P15 LI &X 11+ S X 1+ XX S

Ry P1=4 LI X Il + X&ll*%%l*
+—}"’2—;XXI+2°>€(X+—§%M]

2333

)]

Fig. 3 - Graphical representation of the cluster decomposition of Ry(P) for N = 3,4 and 5.
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and therefore,

R,(P,V) = 1 [(7?)2 jd% d*p2 6*(P — p1 — p2)

+ j a*p, 4P - 2,,1)}

The first term is just the ordinary phase space, RYA(P, V ; u, p); the
second is

o J &p, (P — 2p) HE — 2¢)

= % g3 | 474 @ — §) OLE — (0F + 4] = 5 2s RO, V124

s0 that
Ry(P, V) = 21 { P, V5, 1) t33 ROXP,V; 2#)} (3-15)
For N = 3, we obtain

R3(P, V) = {RS"’(P Vi i) £ 5 R&" (P, V;u2u) +

+ S ROP.V 3u)} ©316)

Fig. 3 shows graphical representations for N up to 5. Each conjugate
class of Sy is determined by an ensemble {v;} which is a solution o
Egs. (3-11) and (3-12) and corresponds to an ordinary phase space
for a systemof v, particlesof massu, v, particlesof mass2u and so on.
To arrive at these simple expressions, a trivial transformation of va-
riables is needed and it produces, for each class, an extra factor

N -1
i
ji=1
The fina result is

N N -1
RyP, V)= Y Z"(i)”""[ﬂf““fvf!] x

m=1 {vi} j=1
XROP,V:,. w2u..,2 . . (317
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with
ROP,Viu..,u2u,....2u,..)=
= (V/hS)mJﬁ d’p; 3P — i p:) 6(E — f: e)  (3-18)
i=1 i=1 i=1

Notice that no factor (m!)~* appears. The multiple masses will show
themsalves in ¢; = (p? T p?)'/2, with

Iu1=;u2="'=)uV1=.u9
v+l = Hyg+2 = -on =uv;+\’2=2uy
#V1+v2+"'+v1v—1+1 = ... = ,um = Nﬂ.

These cluster expansions give the corrections to the ordinary phase
space due to statistics. For the 3-particle case, they have been evalua-
ted numerically by Chaichian, Hagedorn and Hayashi® and found to
be very significant.

It remains for us to show that the proposed expression for Ry(P, V)
does lead to the correct statistical mechanics.

Before going into this, we emphasize that we have not cared about
spins and isotopic spins. They can be properly taken into account
by the inclusion of multiplicativefactorsg = (21+ 1) 2s t 1), in Eq.
(3-6).

Eqg. (3-6) can easily be extended to the case of a mixture of N; nonin-
teracting particlesof type 1, N, o type 2, etc. The genera formula is

k
Ryny-iP, V) = <Ul gy .-) T w0 — Ho).  (3-19)

4. Partition Functions

The canonical partition function may be smply evaluated by Laplace
transforming Eq. (3-17) but we shall prefer to follow a lengthier pro-
cedure which shows better the meaning of each factor in the resulting
series. We substitute Eq. (3-14) into Eg. (2-3). By integrating on the
total momentum and energy, one easily arrives at the expression
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{vi}

1 = —pej m 1" vy $2 VN
QN(ﬂ) = -,N_!— J(llz_ll d3pi 4 4 l> mzl +)N 2 Civiy 5 5 5N . (4-1)
(We shall omit the argument V from now on).

This can be rearranged into

On(pB) =N1T i ()" Z "%J[JCPM e~bPo 51] x

m= {vi}

2. N v
X I:J\dspl d3p2 e—ﬂ(e‘”’) 52] [J(n d3pi e’ﬂe‘> 5N:I . (4-2)
i=1

We now see that

J‘(I:]ldspi ehBei> 5k = Jvdspl d3p2 . pk exp( B Z e,)

X 33p1 — P2) 0°(P2 — Pa) .- - °Pe-1 — Pu) Ok ~ P1)
- 50 [¢pee = 0,kp. @)

so that J

.
O = g7 T, £V ey QA GCH) . QNB. (44

As Bose or Fermi statistics are more easly recognizable in the grand
canonical partition function, we proceed to calculate it:

Z=1+ 3 &N0\p)

© eﬂlN N

=1+ 3 7 L, (BT oy QA QFCH) .. OFIN). - (4-5)

This, as is eadly verified, can be rewritten as

z=1% Z (+)'"§2 LYY e OB . OP(ND.  (46)

{vi}

We now recall one of the multinomial series’, namely,

© m ©
(k;l )—;CL tk> = Z ZH C{v;}xil X3 .. X (4-7)
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Putting t = + ¢/* and x, = 0, (kﬁ) Eq. (4-6) becomes
z=1+ 3% ni,[ 3 &Y, (kﬂ)}
- exp[ s 5=
By using Eqg. (4-3), we can write )
InZ = 2 (£ em fdsp et
- X J d3p{i S & o[ ke - z)]}' (4-9)

It is now enough to recognize the logarithmic series inside the curly
bracket to write

InZ=F7F %f(fp In{1F exp [~ B[(p> + 1°)"* ~ A]]},

l)k

Ql(kﬁ)} “8)

(4-10)

the correct relativistic grand canonical partition function for bosons
(upper sign) or fermions (lower sign).

5. Final Comments

We have given a constructive derivation for the correct expression

for the N-particle relativistic phase space. The fundamenta role of
the symmetric group was made explicit. The procedure is equivalent
to a cluster expansion for the exchange interaction, the first term of
which gives the ordinasy phase space comrnonly used in calculations
in multiple production and in Fermi-like models. The higher order
corrections have been shown by the authors of Ref. (5) to be very im-
portant and an obvious step forward would be to examine their con-
sequences on Ferrni rnodels and generd distributions. The forms
obtained are compact and convenient for computation.

The cluster decomposition has an interest by itself, as it can be used
asa model to guide the introduction of real interactionsin a way alike
to Lee-Yang binary method®. For binary interactions, one simply has
to replace the two particle phase sub-spaces by

(%) 5D

R3(P)
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where A is the phase operator (10).In the case of particlesinteracting
through a zero-width resonance of “mass” M, the second term becomes
(V/h®)[E — (M? + P12, By using the recursion formulae to de-
compose RY, in Eq. (2-2), into its two-particle components and subs-
tituting Eq. (5-1) one easlly finds the partition function for a mixture
o two Boltzmann gases.

The extension to the case of interactions of bosons and/or fermions
ismore intricate and is still under study, but this procedure is possibly
smpler than the one followed by Dashen and Rajaraman'!.

References and Notes

1. See, for example, E. Byckling and K. Kgjantie, Particle Kinematics, John Wiley and
Sons, 1973.

2. R. Hagedorn, Relativistic Kinematics, W. A. Benjamin, 1963.

3. A. Jabs, Nucl. Phys. B34 (1971) 177.

4. V. B. Magalinskii and la. P. Terletskii, JETP 5, 483 (1957).

5. M. Chaichian, R. Hagedorn and M. Hayashi, CERN preprint Ref. TH. 1975 — CERN,
5 February 1975.

6. See, for example, R. K. Pathria, Statistical Mechanics, Pergamon Press, 1972 or K.
Huang, Statistical Mechanics, John Wiley and Sons, 1963.

7. See, R. J. Eden, P. V. Landshoff, D. I. Olive, J. C. Polkinghorn, The Analytic S Matrix,
Cambridge University Press, 1966.

8. M. Hamermesh, Group Theory, Addison-Wesley Publishing Company, 1962, first
chapter. Tables with the coefficientsc; up to N = 7 are given in page 276. Tables
of these coefficients up to N = 10 are given in page 831 of Ref. 9.

9. M. Abrarnowitz and A. Stegun, Handbook of Mathematical Functions Dover Pu-
blications.

10. Genera properties of the phase operator are discussed by I. Bialynicki-Birula in
the Proceedings of the IX Cracow School of Theoretical Physics, 1969, val. 1.

11. R. F. Dashen and R. Rajaraman, Phys. Rev. D10 (1974), 694.

395



