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It is shown that Sach's quaternion equations of gravitation in a space-time manifold with
Riemannian structure are immediate consequence of Bergmann's spinor theory of genera
relativity and Einstein's eguations.

Mostra-se que as equagdes quaternidnicas da gravitacdo, em uma variedade espago-temporal
provida de uma estrutura Riemanniana, sdo consequéncia imediata da teoria espinoria
de Bergmann da relatividade gera e das equagdes de Einstein.

1. Introduction

Since Einstein's formulation of the theory of gravitation', efforts have
been made to generalize the theory of the gravitational field, so asto inclu-
de more general geometries than the Riemannian. Some of these attempts
used the quaternion approach?.

Among the quaternion theories of gravitation, the theory developed by
P. G. Bergmann? is particularly interesting due to itssimple mathematical
structure and its natural applicability to wave equations in curved space-
-time. Recently, Sachs*+> using a quaternion formalism obtained a pair of
quaternion equations, conjugated to each other, which describe the gravi-
tational theory. These equations were obtained by variational methods in
which Palatini's technique was used. It should be mentioned that the
guaternion equations of gravitation may be formulated in a flat space-time
theory of the gravitational field” and, in this aspect, they are useful for
describing the interaction among the gravitational field and spinor fieldsin
flat space-time.

In this paper, we reobtain some results of Bergmann's paper and, starting
from them, we obtain directly Sach's quaternion equations, only with the
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additional use of Einstein's equations. This step is equivalent to Sach's
variational method.

2. Some Results of Bergmann's Quaternion Theory of Gravitation

In Bergmann's theory, the fundamental geometric entities are two qua-
ternion fields o ,(x) and 7,(x), » = 0, 1,2, 3, defined in the four dimensional
space-timemanifold conveniently representedby 2 X 2 Hermitian matrices.
Here, instead of using Bergmann's field 7, , which is thetime inverse of o,,
we shall use &, , which is the spaceinverse d the o, field. These two fields
alow us to construct uniquely the metric g,, and, consequently, the Rie-
mann-Christoffeltensor R,, . It isimportant to remember that the connec-
tion between g, and o,, 4,, is given by

o,|0, =g, 6o =(1/2)0,5, + 0,6,), @1

where ¢, is the 2 X 2 unit matrix.

As usual, Bergmann constructs® the spinor curvature #,, by means of

the spinor &ffine connection I',, as:
#,=0,T,-0,I,+T,T,-TT,, (2-2)

where d, means partial derivative.

The correlation between the spinor-affine connection I', and the external

affine connection, L", , is obtained by the annulment o the covariant
derivative o the ¢* field:

a¥, = o*, + o* L, +T,¢" + o Fp':' =0, 2-3)
where I'," is the Hermitian conjugate of the I', and ¢*,p means 3, o*

In (2-3), the external affine-connection L*;, is not necessarily symmetric,
but Bergmann was interested in a space-timemanifold with a Riemannian

structure and used in his paper® the Riemann-Christoffel conection

~ -

in place d L*,,, as we shall do from now on.

From (2-3), Bergmann obtained the explicit foom o I,,:

T, =-(1/4) [au,p + o {v“pH&u. (2-4)
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It is important to note that the Riemann-Christoffel connection has, of
course, the usual formin terms of theg,,, , but the g, fields must be expres-
sad in terms of the fundamental fidds o, and C,, asin (2-1). From this
viewpoint, (2-4) is constructed with theo,, &, and its derivatives.

With the aid of (2-2) and (2-4) it is possible to show that®:

r,+r,=0 (2-5)
R, t R, =0, (2-6)
‘%uv + '@uv = O' (2'7)

From (2-2) and (2-4), we obtain after some rearrangement3:

oo [ YO

=- (1/4)(7# 6/1 R plrs == (1/4)6” 6-1 Ru}.rs s (2'8)
where R ,;,, is the Riemann-Christoffel curvature.

Thus, in the case o a flat Riemannian manifold, we obtain:
w,, =0. (2-9)

If we contract (2-9), with the anti-symetrized part of ¢' °, we have:
Rys(0"6°~0°6") =0 (210

It is interesting to remember that the projected form of equation (2-10),
on a local Cartan frame, was postulated by Teitler® as a general conser-
vation law when he interpreted the projected 4,, s a gravitational flux
quantity. Teitler’s theory is, in reality, @ Bergmann’s flat theory of gravi-
tation, as we have shown in a previous paper’.

We would like to inention that, similarly to Bianchi's tensor identities,
we easily obtain the Bianchi's quaternion identities:

'@rslp + ‘%prls + '@splr =0 (2-8/)

and
R gyt Ry T R, =0 (2-8")

Now we are interested in the inverted form o (2-8) and to obtain it, we
construct o*,, - 6, .

rslp

|rs

From (2-3), we have:
%5~ 0%y = 0. (2-11)
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But if we use (2-4j and (2-8) in (2-11j, we obtain® the explicit form3:
o*R*, - R, 0"~ K", =0; (2-12)
this equation is the inverse of (2-8).
If we use (2-7),the adjoint of (2-12)is®:
R, R, TR, O =0. (2-12)

3. Sach's Equations

If we contract ¢ with s in (2-12)and (2-12'), we obtain:

*R,, = R,0° T R, (3-1)
and

'R, = -6 R,.- R, 5, (3-1)

where R, is Ricci's tensor.

If we remember Einstein's equations,
R;, = (R/2)g;, + T, (3-2)

(where R is the scalar Riemannian curvature and T, is the energy-mo-
mentum tensor of the non-gravitational fields) and couple (3-2) with (3-1)
and (3-1'), we have:

o*T), = -(R/2)0, + R,,6° + O° X', (3-3)
and
G T, =—(R/)G, -5 R~ R ;& (3-3)
writing:
T, =T,5T, =T, (3-3)
we obtain:
T, =-(R/2)o, + R,.0° + O°F ', (3-4)

7-r‘ =- (R/2) 6',, -é e%rs - g?';‘r . (3'4)

365
By analogy, we call the Hermitian quaternion 7, the energy-momentum
guaternion of the non-gravitational fields present in the manifold.

The eguations (3-4) and (3-4') constitute a pair of quaternion eguations
of gravitation. They are straightforward conseguences of Bergmann's re-
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sults and coincide with Sach's equations of gravitation. Then we have
proved that Sach's quaternion equations o gravitation, in a space-time
manifold with Riemannian structure, are an immediate consequence of
Bergmann's spinor theory of general relativity and Einstein's equations.

The author wishes to thank Prof. J. Tiomno for reading the manuscript and presenting useful
suggestions.
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