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The Pairing Deformation in 1sogpace and Gauge Space

D. R BES*

Comission Nacional de Energia Atémica, Buenos Aires, Argentina

Today | would like to inform you about the present state of an attempt
to describe the J*=0* statesaround a closed shell nucleus. The description
is made M terms Of collectivestates which are specifically generated by a
pairing force carrying isospin T = 1'+2:3, This program was started
in 1965 at the Niels Bohr Institute*; it was continued at the University
of Minnesota®® and, presently, at the Los Alamos Scientific Laboratory”-®
(New Mexico), the Nids Bohr Institute”™® (Copenhagen) and the Gmsi on
Nacional de Energia Atémica® 1% 1112 (Buenos Aires). The names of
the persons involved in this program can be found in the references*™*2.

The description of nuclear states in terms of elementary excitations (phonons)
is not only useful but very essential in order to understand the properties
o many-body sysems. These elementary excitations carry Sone definite
quantum numbers like angular momentum, spin, isospin, transfer quantum
number, eic. The relevance of this last quantum number among the
properties Of the phonons was first recognized by A. Bohr' in 1964 and
leads to thetreatment of the corresponding collectivestates in thefollowing
way® 7: the expectation value of the operator creating a pair o particles
(coupled to J* = 0+) will in generd be a complex number d,

d = <0] % [] ¢jT#7°10. o
¥

By performing a gauge transformation, we obtain

d=5"1d8 =ée*d,
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where S = e4¢, We choose ¢ such that & = A, a rea number. A change
in the phase angle ¢ corresponds to a rotation in gauge space. The
wrresponding conjugate momentum is the number of particles A. The
collective treatment of the A - and ¢ - degrees d freedom is equivalent
to the treatment of a two-dimensional deformable rotor. In particular,
the corresponding Hamiltonian®,

h? o h2<16.97 153)5 I

AR S il e = 2
BN 4B A TagM-Moy 4V, (D)

H= % on B A
depends on three functions o A, the potential energy surface V and the
two inertial parameters B and #. Here M isthe number of pairsdf particles.
‘Ihe BCS or superconducting solution corresponds to the case in which
the potential V has a sharp minimum at A, # O (Ref. 13). Thus, the only
low energy degree of freedom is a rotation in gauge space. Most o the
non-closed shell nucle are in this situation’.

In the harmonic approximation around the equilibrium value A, =0
I
vV = —;CAZ; B = f = congtant) the A- and ¢ - degrees of freedom

have the same frequency. It the ground state of Pb2%® is considered to be
the vacuum state, the ground states of Pb%°¢ and Pb*'° are the one-phonon
states carrying transfer quantum number F 2, respectively®. The state
at 4.87 MeV in Pb%°® is very well described by the superposition of the
two one-phonon states. This state is probably the most pure two-phonon
state that 1s known in nuclear physics. In fact, a detailed study o the possible
anharmonicities indicates that the total admixture of other states is less
than 15% (Ref. 14).

Using (2), we have also treated the transition region in which neither
the harmonic nor the superwnducting approximations are valid. The
application of the crancking formalism to the determination of the parame-
tersB and & yieldsexcellent resultswhen compared with an exact diagona-
lization of the pairing force in a two-level model®.

Since the effective nuclear interaction is isospin invariant (but may be
for terms of order T,/A), the previous formalism was generalized®: 3- 17
to include all the components of a T =1 pairing interaction. In such
case, there are three complex numbers of the form (1) corresponding to
the three possible T, projections,

dr, = 0|3 [} a7 751 0. 3)
J
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In addition to the gauge angle ¢, thereare now three angles O, correspond-
ing to rotations in isospace. Under rotation in gauge ande isospace, the
collective coordinates (3) transform according to

d, =e**y D, (0)d,. @

Let us assume an "irrotational" kinetic energy o the form

1 .
T=1BY|dl ®)
"

with B = constant. The transformation (4) to an intrinsicsystem is chosen’
such as to diagonalize the expression (5) o the kinetic energy. The three
non-diagonal terms containing two time derivatives of §; are proportional
to the vector product a x B of the red (a)and imaginary () components
o d in the intrinsic frame; thus, we eliminate two!® non-diagonal com-
ponents o (5) by aligning the i-intrinsic axis in the direction of a x B.
Since the vector product is invariant under a rotation in gauge space,
the diagonalization of the tensor of inertia corresponding to rotations
in isospin is maintained when ¢ is changed. In contrast to that, the scalar
product a. 8 changes with 4 and the value o 4 defining the orientation
of theintrinsic system is chosen such that - = 0. In this way, weinsure
the vanishing of terrns containing one angular velocity ¢, 8; and one time
derivative of d,. It is convenient to choose the two remaining intrinsic
axis(j — and k-axis)along thedirectiond thereal and imaginary components,

respectively (Fig. 1).

There remains in (5) a coupling term containing ¢ and the isospin angular
velocity along the direction o the cross product a x . In generd, this
cannot be diminated since the corresponding rotations in gauge and
isospace take place in the same plane. Therefore, in the intrinsic system,
there remain two parameters describing the deformation of the system,
namely o; and f,. We introduce two new variables:

A= (2 + B2,
T = tan™ Y(o;/B)), (6)
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Figure 1 - Thereal & and imaginary B collective vectors in the intrinsic sysem. The total
(complex) debrmation vector has a modulus A and is oriented in thej-k plane making an
angle I' with the k-axis.

which play a smilar roleto g and y in the case of the quadrupoledeformat-
ions. In terms of these variables, the Hamiltonian reads

H = Zvl'b + th + V(A,r),

2
AP h[l aA56+ L asin4l"—a~],

T2B|{ASOA” OA T A’sindT or ar
1 T? T; T? 2sin 2T
Lo = 2BA? [cos2 T Y cos’T T sin?T © cos? 2T (M- Mo)T;

(M~ M,)?
cos? 210" ‘I’ Q)

where T is the angular momentum operator in isospace. The volume
dement is

dv =%B5 A®|Sin4r" |d6 d¢ dA dT 8)
and the variables are used in the intervals
0Os¢<m 0<F<, 0<A ©)
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Within our scheme, the operator corresponding to the two particle transfer
process is

Pt =+i e““"A[COSrDLo(Gi) + §l—n—r(D,‘u(Gi) +D,,(6) >] (10)

J2
while the operator associated with an a-transfer is

S* = ¥4 A2 cos 2T, (1

We are now in a similar position as nuclear physicists were after Bohr's
paper!® of 1952. We may apply here similar techniques as those used in
order to solve Bohr's collective Hamiltonian!*' *°. For instance, Symmetry
considerations associated with permutation of the intrinsic axes determine
the most general form of the wave function,

12
'/’MTT, 0, 0,AT) = (2{%) o2Mid x

™
3 B G R Dr )+ 07 D 0], (12

where the quantum numbers corresponding to the motion in A and T
remain yet unspecified.

Wealso note that thereare only two independent quantities that are scalars
both in gauge and isospace, namely A? and A*cos?2I’. They play the
same role as % and B3cos 3y in the case of the quadrupole deformation?®,
In particular, the potential energy surface 1s expressible as a power series
in these two invariants.

We may discuss now some limiting cases™*

a) If the system stabilizes at A,,# 0 and I',, we have rigid rotations.
Moreover, if I', =0 or n/4, the deformation has axial symmetry and thus
the energies are proportional to T(T+1). If I', =0, only K =0 and
only T values with the same parity as M subsist?. No AT = 0 two-body
transfer processes are allowed, and thus the transition pattern is practically
identical to the one arising from the usual pairing force acting between
identical particles.If I', = z/4, then T > M and thea-transfer is forbidden.
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Figure 2 - The collective levels in the vibrational limit. The levelsare labelled by (n, ¢,, 7, t)
where n, and t, are the number and isospin of the removal quanta, respectively,and (#,, £,)
are the corresponding quantum numbers for the addition quanta The total isospin is written
to the right of each state. The chemical symbol corresponds to the nucleus with 7, = T
(Their isobaric analogues are not represented explicitly). Levels represented by a thicker
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line cor respond to thestablecases, which may be used astar gets Squarebrackets( (t, p)or (p,t))
and round brackets( (h,p) and (p, h))point thedirection of thepossibler eactions Theadjoining
numbers are given by expression (1) of Ref. 5 and are roughly proportional to the respective
intensities.
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Figure 3 - Similar to Fg 2, showing the possible (h,n) and (n, h) reactions.
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b) Another interesting case of rigid rotations occur for I', ~ 23° in which
case there are two excited states (T =1,2) foo- M =0 alow T =1 and
an excited triplet (T =1, 2, 3) for M =1, a low doublet (T =0, 2)
for M =2, etc. This spectrum ressembles the vibrational one around
A = 0 (Figs. 2 and 3), but for the fact that a few states are missing (like =
T =M =0 excited state).

If we allow small departures, for instance, from an equilibrium positior
A, with T, =0, symmetry considerations allow® for the A- vibrations
(K=0) and TI'- vibrations (K = 1) which also have their counterpar:
in the theory of quadrupole deformations. in this case, T = O transitions
may occur between the ground state and a I'- band.

The lowest termsin an expansion of the potential energy surface in terris
of the elementary scalars are
V=V + L C A
2

The resulting harmonic spectrum?: *- ° is also characterized by the numbes
of phonons!® N. If M = O, thereis atriplet o two-phononstates(T = 0, 1,2};
a one-phonon T =1 and a three-phonon quadruplet (T = 1,22, 3) fc:
M = 1; a two-phonon doublet (T =0,2) for M= 2, etc. The transition
spectrum for two-body transfer processes has obvioudy the selection
rule AN =1 (Figs. 2 end 3).

The more generd situation can be solved by diagonalizing anharmonic
terms within a large but finite set of phonon states. This has been done'!
for a model potential energy surface, which reproduces the main features
of the resultsof a pairing force. Fig. 2 representsthe probabilitv distribution
for the ground state and first A-vibrational state, for a valu. of a pairing
force strength which is 1.75 times the critical vaue.

We want to turn now our attention to rea nuclei and tr- and determine
how much of the previousdiscussion is useful. The most favourable region
for the applicability of the present coupling scheme lies around Ni°?
(from about Ca*? to Ge). Earlier andysis o the experimental data,
in terms of the vibrational®* and axialy symmetric rotations®, lead to
values which, in many cases, lie between those two limits. Moreover. a:
optimum fit of a shell model calculation'? including the f-,, fs,, and
ps,; Single particlelevels yiddsa valuefor thestrength of the T = 1 pairing
torce very close to rhe one corresponding to the phase transition between
normal and superconducting Systems. Therefore, it is apparent that we
have to use a method which is able to deal with intermediate situations
like the one that we have just developed.
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Figure 4 - The probability distribution for the ground state and first A-vibrational state,
for a value o apairing forcestrength which is 1.75 times larger than the critical valge,

in order to study the experimental energies we must sort out from rhe
nuclear spectrum states with J* = 0%, which are strongly populated
in two-body transfer processes. We subtract from the empirical binding
energies the contribution from the Weizsacker mass formula (without
the pairing term) and the resulting spectrum has to be compared with
the eigeitvalues d (7). There is SOMe ambiguity in the amount of the
symmetl§ term which MUSt be subtracted. We have left only 1/2 of the
usual walue in the Weizsicker formula®®, since the contribution from
the single-particle T =1 field is not taken into account in (7), but the
“kinetic” term should in principle be included there.
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In thisregion, thereare about 60 experimental stateswhich may be consider-
ed to be membersd the collective band®. If we try to fit the energy of these
statesusing a vibrationa or arigid rotational description, we obtain'?* |east
squaredeviationsd order 25 MeV to 5MeV, which hasto becompared with
an average excitation energy of about 10 MeV. The fit improves if either
anharmonicities are included in the vibrational motion or a caculation
with variable moments of inertia?! is performed. With 7 anharmonic
terms or 5 parameters in the VM modd, the leest squares deviation is
reduced to 0.8 MeV. No attempt has yat bemn made to fit the energies
using the full complication of (7) plus, for instance, the constraintsimplied
by the shdl modd in the construction o the potentia energy surface.

A more sgnificant test for the modd is probably given by two-body and
alpha-transfer processes. The data up to 1969 on the former experiments
is discussed in reference”. Since then, a significant contribution has been
performed at Los Alamos”? where absolute cross sections which alow
the comparison of the results corresponding to different nucle were
measured. The main concluson from Ref. 22 is that, from Ni*® to Ca*®,
the ground state to ground state cross sections incresse, with the number
o phonons, at ahigher ratethanispredicted by the harmonicapproximation
(the rotational scheme would predict practicaly no incresse & all for
these trangitions).

Another important experimental requirement concerning the nature
of the anharmonicities are the AT =0 transitions which, in the region
beow Ni, may proceed only via(, s@ reactionsif we are close to the vibrat-
ional limit. Theexperimenta results”3indicate that these AT = O transitions
are considerably weaker than expected on the bass of known AT =1
strengths. Within the modd, this effect may be explained by moving from
the harmoniclimit in the direction of a vibrating rotor with more stiffness
in theI"- restoring force than in the A- restoring force.

In thiscase, the corresponding levels should start to be also populated by the
inverse(p, h) reaction. Moreover, theunique roleplayed by the(h, p) reaction
in nuclei bdow Ni, is played by the inverse (p,h) processfor mass number
larger than 56, where there is anyhow vay little experimenta information.
Probably the most important information yet to come concerns these (p, h)
trandfers. These reactions requirea vary good energy resolution (since they
popul atestatesin odd-odd nucle) and a proton energy 25- 30 MeV, in order
to overcome the effects o a negative ¢ vadue and the Coulomb energy.
Therefore, the Pelletron will be in a very convenient position to obtain
these data.
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The Zn%%(d, Li)Ni** reaction has been performed?* at the Ciclotrén
de Energia Atdmica at Buenos Aires, showing good evidence for a direct
reaction mechaniam. A systematic study of ground state to ground state
transitions in this region is on the way. This project wuld also mogt
conveniently be extended making used the Pelletron to study, for instance,
excited J* = 0* dates.

We may sumarize the present state of the problem by saying that we can
treat now thecollective T = 1 pairingdegreed freedomwithin theadiabatic
approximation The formdism is Smilar to the one corresponding to
the quadrupole degree of freedom. By comparing the two formalisms,
we understand better which properties areinherent to acollectivetreatment
d the many-body problem and which are inherent to the particular
Symmetry.

The applicability of the present scheme to red nucle isnot ye finished.
Empiricdly, there is one collective band but with many more states than
in any known quadrupole band. Some more experimenta data and/or
theoretical caculaions o the collective parameters will be needed to
decideif wehavethecorrect treatment for the T-dependence of theJ* = 0*
degree of freedom around Ni*6.
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