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The Pairing Deformation in Isospace and Gauge Space 

D. R. BÈS* 
Comissión Nacional de Energia Atómica, Buenos Aires, Argentina 

Today I would like to inform you about the present state of an attempt 
to describe the J" = O+ states around a closed shell nucleus. The description 
is made m tems of collective states which are speciiically generated by a 
pairing force carrying isospin T = 1'. 2*  3. This program was started 
in 1965 at the Niels Bohr Institute4; it was continued at the University 
of Minnesota5f and, presently, at the Los Alamos Scientific ~abora to ry '~~  
(New Mexico), the Niels Bohr I n s t i t ~ t e ~ * ~  (Copenhagen) and the Comisión 
Nacional de Energia Atómicags ' O .  ". l2 (Buenos Aires). The names of 
the persons involveú in this program can be found in the referen~es"'~. . 

The description ofnuclear &ates in tems of elementary excitatims (phonms) 
is not only useful but very essential in order to unâe r s td  the propxties 
of many-body systems. These elmentary excitatim cmy some definite 
quantum num'bers like angular momentum, spim, isosph, tramsferqxmttum 
number, etc. The relevame of tbis last quantum nmber mong the 
properties of the phonons was fimt reoogn~zecl by A. hhr'  in 1964 m d  
Ieads to the treatment of the corresponding wllectiveatates in the foliwing 
way6. : the exp~ctation value of the operator creating a pair of pãzrioles 
(coupled to J" = O+) will in general %e a complex number d, 

By perhming a gauge transformation, we obtain 
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where S = eiAQ. We choose C#I such that d' = A, a real number. A change 
in the phase angle b corresponds to a rotation in gauge space. The 
wrresponding conjugate momentum is the number of particles A. The 
collective treatment of the A - and 4 - degrees of freedom is equivalent 
to the treatment of a two-dimensional deformable rotor. In particular, 
the corresponding Hamiltonian6, 

depends on three functions of 4 the potentid energy surface V and the 
two inertial parameters B m d  9. Here M is the number of pairs of particles. 
'l'he BCS or superconducting solution corresponds to the case in which 
the potential V has a sharp minimum at A, f. O (Ref. 13). Thus, the only 
low energy degree of freedom is a rotation in gauge space. Most of the 
non-closed shell nuclei are in this situation7. 

In the harmonic approximation around the equilibrium value A, = O 
1 2F (V = - C A 2 ;  B = - - 
2 4A2 - constant) the A-  and 4-  degrees of freedom 

have the same frequency. It the ground state of pbLo8 is considered to be 
the vacuum state, the ground states of pb206 and Pb210 are the one-phonon 
states carrying transfer quantum number 7 2, respectively4. The state 
at 4.87 MeV in pb208 is very well described by the superposition of the 
two one-phonon states. This state is probably the most pure two-phonon 
state that 1s known in nuclear physics. In fact, a detailed study of the possible 
anharmonicities indicates that the total admixture of other st-rtes is less 
than 15 % (Ref. 14). 

Using (2), we have also treated the transition region in which neither 
the harmonic nor the superwnducting approximations are valid. The 
application of the crmcking formalism to the determination of the parame- 
ters B and 9 yields excellent results when compareci with an exact diagona- 
lization of the pairing force in a two-leve1 mode16. 

Since the effective nuclear interaction is isospin invariant (but may be 
for terms of order TJA), the previous formalism was generalized2. 3 *  l 7  

to include ali the components of ri T = 1 pairing interaction. In such 
case, there are three complex numbers of the form (1) corresponding to 
the three possible T, projections, 



In addition to the gauge angle 4, there are now three angles O, cbrrespond- 
ing to rotations in isospace. Under rotation in gauge ande isospace, the 
collective coordinates (3) transform according to 

Let us assume an "irrotational" kinetic energy of the form 

with B = constant. The transformation (4) to an intrinsic system is chosen
g 

such as to diagonalize the expression (5) of the kinetic energy. The thref 
non-diagonal terms containing two time derivatives of Oi are proportional 
to the vector product a x /3 of the real (a) and imaginary (/I) components 
of d in the intrinsic frame; thus, we eliminate twolS non-diagonal com- 
ponents of (5) by aligning the i-intrinsic axis in the direction of a x fl. 
Since the vector product is invariant under a rotation in gauge space, 
the diagonalization of the tensor of inertia corresponding to rotations 
in isospin is maintained when 4 is changed. In contrast to that, the scalar 
product a .  fl changes with 4 and the value of 4 defining the orientation 
of the intrinsic system is chosen such that a*@ = O. In this way, we insure 
the vanishing of terrns containing one angular velocity 4,  ei and one time 
derivative of dv. It is convenient to choose the two remaining intrinsic 
axis (j - and k-axis) along the direction of the real and imaginary components, 
respectively (Fig. 1). 

There remains in (5) a coupling t e m  containing 4 and the isospin angular 
velocity along the direction of the cross product a x fl. In general, this 
cannot be eliminated since the corresponding rotations in gauge and 
isospace take place in the same plane. Therefore, in the intrinsic system, 
there remain two parameters describing the deformation of the system, 
namely aj and P,. We introduce two new variables5 : 



Figure 1 - The real õr and imaginary B collective vectors in the intrinsic system. The total 
(complex) debrmation vector has a modulus A and is oriented in the j-k plane making an 
angle r with the k-axis. 

which play a similar role to and y in the case of the quadrupole deformat- 
ions. In terms of these variables, the Hamiltonian reads 

where T is the angular momentum operator in isospace. The volume 
element is 

1 
d ~  = - B5 As I sin 4r Ido d 4  d A  d r  

4 (8) 

and the variables are used in the intervals 



Within our scheme, the operator corresponding to the two particle transfer 
process is 

while the operator associated with an cr-transfer is 

w e  are now in a similar position as nuclear physicists were after Bohr's 
paper15 of 1952. We may apply here similar techniques as those used in 
order to solve Bohr's collective Hamilt~nian'~,  16. For instance, symmetry 
considerations associated with permutation of the intrinsic axes determine 
the mos1 general form of the wave function, 

where the quantum numbers corresponding to the motion in A and i- 
remain yet unspecified. 

We also note that there are only two independent quantities that are scalars 
both in gauge and isospace, namely A2 and A4cos22r. They play the 
same role as f12 and p3cos 3y in the case of the quadrupole def~rmation'~. 
In particular, the potential energy surface 1s expressible as a power series 
in these two invariants. 

We may discuss now some limiting cases" 

a) If the system stabilizes at A,, # O and r,, we have rigid rotations. 
Moreover, if r, = O or 7~14, the deformation has axial symmetry and thus 
the energies are proportional to T(T + 1). If I', = 0, only K = O and 
only T values with the same parity as M subsist2. No AT = O two-body 
transfer processes are allowed, and thus the transition pattern is practically 
identical to the one arising from the usual pairing force acting between 
identical particles. If T', = n/4, then T 2 M and the a-transfer is forbidden. 
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Figure 2 - The collective levels in the vibrational limit. The levels are labelled by (n, r,, n, t,) 
where n, and t, are the number and isospin of the remova1 quanta, respectively, and (na, ta) 
are the corresponding quantum numbers for the addition quanta The total isospin is written 
to the right of each state. The chemical symbol corresponds to the nucleus with T ,  = 7: 
(Their isobaric analogues are not represented explicitly). Levels represented by a thicker 



line correspond to the stable cases, which may be used as targets. Square brackets ( (t, p) or ( p ,  t )  ) 
and round brackets ( (h, p) and (p, h ) )  point the direction of the possible reactions The adjoining 
numbers are given by expression (I) of Ref. 5 and are roughly proportional to the respective 
intensities. 



Figure 3 - Similar to Fig. 2, showing the possible (h, n) and (n, h) reactions. 
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b) Another interesting case of rigid rotations occur for r, - 23" in whicii 
case there are two excited states (T = 1,2) for M = O, a low T = 1 and 
an excited triplet (T = 1, 2, 3) for M = 1, a low doublet (T = O, 2) 
for M = 2, etc. This spectrum ressembles the vibrational one around 
A = O (Figs. 2 and 3), but for the fact that a few states are missing (like :i 

T = M = O excited state). 

If we allow small departures, for instance, from an equilibrium positio~ 
A, with To = 0, symmetry considerations allow5 for lhe A- vibrations 
(K = 0) and r- vibrations (K = 1) which also have their counterpart 
in the theory of quadrupole deformations. In this case, T = O transition- 
may occur between the ground state and a r- band. 

The lowest terms in an expansion of the potential energy surface in terri'; 
of the elementary scaIars are 

The resulting harmonic spectrum2. '* is also characterized by the numbr: 
ofphononsi9 N. If M = 0, there is a triplet of two-phonon states (T = 0,1,2;: 
a one-phonon T = 1 and a three-phonon quadruplet (T = 1,2', 3) fcr 
M = 1; a two-phonon doublet (T = 0,2) for M = 2, etc. The transitio:! 
spectrum for two-body transfer processes has obviously the selectio-. 
rule AN = 1 (Figs. 2 end 3). 

The more general situation can be solved by diagonalizing anharmonic 
terms within a large but finite set of phonon states. This has been done" 
for a model potential energy surface, which reproduces the main featurei 
of the results of a pairing force. Fig. 2 represents the probabilitv distribution 
for the ground state and first A-vibrational state, for a valu~ of a pairinp 
force strength which is 1.75 times the critical value. 

We want to turn now our attention to real nuclei and tr and determine 
how much of the previous discussion is useful The most f'lvourable region 
for the applicability of the present coupling scheme Iies around Ni5' 
(from about Ca4' to ~ e " ) .  Earlíer analysis of the experimental data, 
in terms of the v i b r a t i ~ n a l ~ ~ ~  and axially symmetric rotations5, lead te. 

values which, in many cases, lie between those two limits. Moreover. a: 
optimum fit of a shell model cal~ulation'~ including the f ,/,, f5/, acr! 
p-312 single particle levels yields a value for the strength of the T = 1 pairing 
torce very close to rhe one corresponding to the phase mnsition between 
normal and sdperconducting systems. Therefore, it is apparent that wr  
have to use a method which is able to deal with intermediate situations 
like the one that we have just developed. 



Figure 4 - The probability distribution for the ground state and first A-vibrationai state, 
for a vatue of a pairing force strength which. is 1.75 times larga than the criticaí value. - 

in order to study the experimental energies we must sort out from rhe 
nuclear spectnun strates with Jf f  = O*, which are strongly popufated 
ín two-body transfer processes. We subtract from the empirid binding 
energia the contnbution from the Weizsácker mas  formula (without 
the pa~ríng tem) and the resulting spectrum has to be compared with 
the eigeír'dues of (3. There -is some ambipity in the amount rtf the 
s y w @ í $  tem which must be subtracted. We have left only 1/2 of the 
usual %Sue in the Weizsácker k rp Ia20 ,  since the contriburion from 
the single-particle T = 1 field is not taken into account ui {7), but the 
"kinetic"term shouId in principie be included there. 



In this region, there are about 60 experimental states which may be consider- 
ed to be members of the collective band8. If we try to fit the energy of these 
states using a vibrational or a rigid rotational description, we obtain12 least 
square deviations of order 2.5 MeV to 5 MeV, which has to be compareci with 
an average excitation energy of about 10 MeV. The fit improves if either 
anharmonicities are included in the vibrational motion or a calculation 
with variable moments of inertia2' is performed. With 7 anharmonic 
terms or 5 parameters in the VMI model, the least squares deviation is 
reduced to 0.8 MeV. No attempt has yet been made to fit the energia 
using the full complication of (7) plus, for instante, the constraints implied 
by the shell model in the construction of the potential energy surface. 

A more significant test for the model is probably given by two-body and 
alpha-transfer processes. The data up to 1969 on the former experiments 
is discussed in reference5. Since then, a significant contribution has been 
performed at Los Alamosz2 where absolute cross sections which allow 
the comparison of the results corresponding to different nuclei were 
measured. The main conclusion from Ref, 22 is that, from ~i~~ to 
the ground state to ground state cross sections increase, with the number 
of phonons, at a higher rate than is predicted by the harmonic approximation 
(the rotational scherne would predíct practically no increase at ali for 
these transitions). 

Another important experimental requirement conceming the nature 
of the anharmonicities are the A T = O transitions which, in the region 
below Ni, may proceed only via (r, p) reactions if we are close to the vibrat- 
ional limit. The experimental resultsz3 indicate that these AT = O transitions 
are considerably weaker than expected on the basis of known AT = 1 
strengths. Within the model, this effect may be explained by moving from 
the harmonic limit in the direction of a vibrating rotor with more stiffness 
in the r- restoring force than in the A- restoring force. 

In this case, the corresponding levels should start to be also populated by the 
inverse (p, h )  reaction. Moreover, the unique role played by the (h, p) reaction 
in nuclej below Ni, is played by the inverse (p, h) process for mas  number 
larger than 56, where there is anyhow very little experimental information. 
Probably the most important information yet to come concerns these (p, h) 
transfers. These reactions require a very good energy resolution (since they 
populate states in odd-odd nuclei) and a proton energy 25 - 30 MeV, in order 
to overcome the effects of a negative Q value and the Coulomb energy. 
Therefore, the Pelletron will be in a very convenient position to obtain 
ihese data. 



The Z r ~ ~ ~ ( d ,  Li6)Ni54 reaction has bem perf01me.d~~ at the Ciclotrdn 
de Energia Atómica at Buenos Aires, showing good evidence for a direct 
reaction mechanism. A systematic study of ground state to ground state 
transitions in this region is on the way. This project wuld also most 
conveniently be extended making use of the Pelletron to study, for instance, 
excited Ju = 0' states. 

We may sumarize the present state of the problem by saying that we can 
treat now the collective T = 1 pairing degree of freedom within the adiabatic 
approximation The formalism is similar to the one correspond'mg to 
the quadrupole degree of freedom. By comparing the two formalisms, 
we understand better which properties are inherent to a collective treatment 
of the many-body problem and which are inherent to the particular 
symmetry. 

The applicability of the present scheme to real nuclei is not yet fmished 
Empirically, there is one collective band but with many more states than 
in any known quadrupole band. Some more experimental data and/or 
theoretical calculations of the collective parameters will be needed to 
decide if we have the correct treatment for the T-dependence of the Jf = 0' 
degree of freedom around NiS6. 
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