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1. Introduction

During the last few years, many studies d nucleon transfer and knockout
reactions have given much detailed information on the energies and spec-
troscopic factors of the single particle states of nuclei throughout the
periodic table. At first sight, these data appear to relate only to the specific
properties of individual nuclei, but more careful examination shows un-
derlying systematic features that vary quite smoothly from one nucleus
to the next.

The principal systematic behaviour concerns the mean energies of the
single-particle states, and it has been found possible to express them as
eigenvalues of a simple local potential whose depth depends smothly’ gn
the atomic weight and the nuclear symmetry parameter. This work is
described in Sec. 2

Such studies require accurate spectroswpic data and it becomes important
to find ways of improving the current techniques. A ussful method, sugges-
ted recently by Clement, concerns the use of J-dependent sum rules. These
relate the spectroscopic factors of stripping and pickup reactions on the
samenucleus,and thisextraconstraint enablesthe accuracy of spectroscopic
factors to be significantly increased (Sec 3).

2. The Systematics of Bound Single-Particle States

In most nuclei, the single particle states are fragmented into several com-
ponents by the residual interactions but it is possible to define the energy
o the unperturbed state as the ‘centre of gravity' of the fragments, each
weighted by its spectroscopic factor. It is also possible to define the mo-
ments of the fragment distribution but the experimental data on these
quantities are at present rather unrdiable. The centroid energies are,
however, relatively unaffected by the omission of one or two weak compo-
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nents and by any uncertainties in the absolute normalisation of the spec-
troscopic factors, so it is useful to examine these for systematic behaviour.

The first detailed attempt to correlate these single-particle energies as
eigenvalues of a single potential was made by Cohen (1965) and many
investigations have subsequently been made. These are of two types, viz.,
ihose examining particular single-particlestates in a range o nuclei and
those concerned primarily with several single-particle states in a particular
nucleus. The present work is of the former type and this makes possible
an examination o the state dependence o the potential.

In the firgt stage of this work, all the availabledata for nuclei in the range
35 < A < 65 have been analysed. This range was chosen partly becaus:
of the wedth of the data and partly because these nuclei are relatively
free from the complications d highly deformed nuclei, so that a sphe-
ricaly symmetrical potential can be used with a spin-orbit term of the
Thomas form, viz.,

2 o
Vry = V() + Vs( h ) _}_ d{;:’) Lo

m,c

(-1

where the form factors f, ,(r) = [1 + exp{(r- R, ,)/a, ,}] L with R,,, =
=r, ,A'. The radius and diffuseness parameters were fixed for the main
calculationsat r, = 1.25fm, a, = 0.65fm, r, = 1.1fm,a, = 0.65fm. These
values have frequently been used in scattering analyses, and the somewhat
smaller valued r, compared with r, issuggested by analysesd polarisation
data. The conclusions of this work are insengitive 1o the precise values
chosen for the form factor parameter.

The choice of alocal potential requires some comment, as nuclear matter
calculationsindicate that the true potential is partly local and partly non-
local. Several investigations (Wyatt et al; 1960; Meldner and Sussmann,
1963; Meldner, 1967) have indeed used a non-local potential, although it
has been found that a purely non-local potential is inadequate for light
nuclei (Grimm et. al., 1971). To use a potential with both loca and non-
loca components would introduce too many arbitrary parameters. so we
use the equivalent local potential. This has the additional advantage o
leaving open the energy dependence o the potential. Since the wavefunc-
tions corresponding to equivalent local and non-local potentials are not
the same, this must be taken into account when the potentials are used
to calculate nucleon density distributions.
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The potential depth V was shown by Cohen to depend on the nuclear
symmetry parameter (N - Z)/A4, and an energy dependence is expected by
analogy with the scattering situation. However, when analysing a large
body o datafor many nuclei it is more convenient to study each particular
state (NLJ) separately, and this has the additional advantage of leaving
open the possible state dependence o the potential. It is then natural
to dlow the potential to depend on A, and this aso absorbs any inade-
quaciesin the parametrization of the nuclear radius parameter R as a fun-
ction of A (Hodgson, 1970). Unlike the scattering phase shifts, the energy
o a bound state is fixed by V(r) so that V cannot without redundancy be
dlowed to depend on the energy as well ason A and Z. A linear depen-
dente on A is chosen for simplicity, and the isospin term 4V,(t.T)/A4
wheret and T are the isospins of the nucleon and the nucleus respectively,
gives the required dependence on nuclear symmetry. In the case of pro-
tons, there is in addition the usual electrostatic potential together with
the term 04 Z/A'" in the expression for V to dlow for the effect o the
Coulomb field in the presence of an (implicitly) energy-dependent nuclear
potential (Perey, 1963).

The central potential also depends on the isospin o the fina state, since
proion stripping can go to both 7, and T. states while neutron stripping
can *go only to 7. states, and conversdly for pickup reaciions.

Assuming pure isospin for all states, the expressions for the potential
depths obtained by stripping reactions (particle states) are thus:

Vi=Vo- ;Z Vi + 74, (2-2)
vi=\, t N'—AZ“LZ v, + 94 +042/4'3, 2-3)
V, =V, + N-2 V1 + 94+ 042/43, (2-4)

and the corresponding expressions for pickup reactions (hole states)
N-Z+3

V= Vot 22, 4 pA 4 04Z - 1)/A, 2-5)
P ,
; N-Z-1
Vn = VO ‘_’;’—"‘ Vl + 'yA (2'6)
N-Z+3
Vi = Vot~V 4 A, (2-7)

where (N, Z, A) refer to the target nucleus.
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The appropriate parametrization for the depth of the spin-orbit potential
is more difficult to determine, and the corresponding data is much less
precise, ance the strength  this potentia is determined from the diffe-
rence between the energies o the 3 =L + 1 dates Where the energies
d both these states are known, V and V, can be calculated for a particular
form factor, and the resulting vaues d V, showed no wel-marked depen-
dence on any of the available parameters, although they were mostly in
the range 5 < ¥, < 10 MeV. All caculations were therefore made with
two assumptions for the spin-orbit potential, namely (A) V, =7 MeV
throughout, (B) V, cdculated from the J =L + % pair if both members
available or interpolated from neighbouring nucle if not.

As the size of the nucleus increases, more and more states move down
from positive energies to become bound. The unoccupied (particle) states
are reached by stripping reactions, and expressons (2-2) — (2-4) deter-
mine the appropriate potential, while the occupied states may be studied
by pickup reactions and the potential found from expressions(2-5) — (2-7).
The fragmentation o the states introduces the difficulty that some of the
single-particle strength may be in particle states and some in hole states.
This occursfor the 1f-state in the present study.

The vadues o the potential corresponding to the experimental binding
energies were obtained by solving the appropriate Schrodinger wave equa-
tion and then fitted by the relations(2-2)-(2-7). Theresultsfor 2s holestates
are displayed in Table 1 (Millener and Hodgson, 1971), and for 143 hole
states in Table 2

State Vo \£} ¥ RMS deviation N.° of states
Neutron T, 595 356 -0.209 0.23 13
Proton T, 582 389 -0.202 0.23 27
Neutron T, 619 313 -0.218 0.30 9
N(T.) + P(T,) 589 372 -0.195 0.23 40

Table 1 - Parameters d bound state potential for 2s hole states (all energies in MeV).

State vy v, y RMS deviation N.° of states
Neutron T. 574 295 -0.169 035 14
Proton T, 58 411 -0.166 051 21
Neutron T, 599 3Bl -0.203 058 10
N(T.) + P(T,) 572 361 -0.155 047 3

Table 2 = Parametersof bound state potential for 145, hole states.
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The quality d the fit is indicated in more detail in Fig. 1 which showsthe
fit to the experimental binding energies as a function of A. The choice
d a linear dependence d the potential on A is shown to be adequate by
Fig 2 The quality of the fit shows that the energies.d the single-particle
states vary in a regular and systematic way from nucleus to nucleus.

BINDING ENERGY in MeV

o Experiment
x Calculated

Fig. 1 - Measured energies Of 2s,,, proton states compared with calculations using the
expression(2-5) with the parameters given in the second lineof Table 1. The pointscorrespond-
ing to nuclei belonging to the same isotopic sequence are joined by lines. (Millener and
Hodgson, 1971).

The results show several notable features. For each vdue o L, the para-
metersfor all types of states are consistent with each other. The deviations
from the average values are consistent with the uncertainties due to the
omisson o small fragments o the single-particle States.

The vadue d V; = 37 MeV obtained for the isospin potential for 2s hole
states is substantially greeter than the generally accepted vaue of 24 MeV
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Fig. 2 - Thedependence o thenuclear potential V on A after removal of isospin and Coulomb
dependences. The parameters have the mean values for neutron T. and proton T. states
given in the fourth line of Table 1. (Millener and Hodgson, 1971).

for the overall potential (Hodgson, 1964). These vaues may not be incon-
sigtent, since the isospin potential may show strong state and energy de-
pendence, though at present thereis not much evidencefor this. It is howe-
ver interesting to note that the evidencein favour d 24 MeV is now very
dight and that recent investigations tend to give a substantialy higher
vdue The man evidence in favour o 24 MeV came from anayses d
proton eastic scattering, but it is now known that the dependence d the
potential on the symmetry parameter is partly o geometrical and partly of
isogpin origin, and that these cannot be separated without usng addi-
tional information on nuclear structure(Hodgson, 1970). (The only excep-
tion to this are measurements on isobaric sequences, but no adequate
andysesd this type are available).

On the other hand, recent andyses by Kohler (1971) d the single particle
energy spectra of a range o nucle give V; = 35 MeV and Krutov and
Savushkin (1969) have obtained ¥, = 3 MeV from andyses o heavy
deformed nuclei.



It is planned to use the results of these andyses to investigate the state
dependence d the bound state nucleon potential, and aso to generate
nuclear matter and charge distributions for comparison with those obtai-
ned in other ways

3. J-Dependent Sum Rules in Nucleon Transfer Reactions

The mog effective way to determine the single-particle characterigtics of
nuclear states is by nucleon transfer reactions and, by comparing the
experimental cross-sections with those calculated by the distorted wave
theory, it is possble, in favourable cases, to determine the single-particle
strength, or spectroscopic factor, to an absolute accuracy of about 20%.
The relative spectroscopic factors o states excited in the same reaction
may be found rather more precisdy.

It is important to improve the accuracy o these determinations, so that
theories f nuclear structure may be tested more rigoroudy. It is difficult
to improve the distorted wave theory without substantial increase in
complexity, so it is useful to explore other possibilities, in particular the
use o sum rules.

A typicd nucleon transfer reaction adds a nucleon with orbital and total
angular momentag(/, j)to anucleus with spin J; to giveafind stateof spin J.
These angular momenta satisfy the vector relation

The case when J, =0 is particularly simple, for then J =j =1 + 1. The
aum rulesrelate the spectroscopic factorsfor stripping and pickup reactions
on the same target nucleus; physically these reactions determine the num-
ber d holes and the number d particlesin a particular Sate, and their sum
is smply (2 * 1).

This simple picture is somewhat complicated by the need to satisfy the
isospin selection rules, and detailed calculations give for neutron transfer
reactions the following sum rules:

Neutron Pickup

i 1

ZS w(Trs) = m(protons) ; (3-2)
, 1

X 8% (Ty <) = (neutrons) — Nz F1 (protons) ; (3-3)
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Neutron Stripping
ZS§1(7}>) = (neutron holes), (3-4)

S Siy(Tre) =0, (3-5)

where the sums run over all thei fragments into which the state is frag-
mented, and the ( ) indicates the number of particles or holes in the
state concerned. Adding the surn rules (3-2) to (3-5) gives

Y 8yt 387 = (neutrons) * (neutron holes) =2/ T 1, (36)

where the indices s and p refer to stripping and pickup reactions respec-
tively.

Similar rules may be obtained for proton transfer reactions. [Thus if mea-
surements of both stripping and pickup reactions are made on the same
nucleus the surn rules (3-6) may be applied to check the consistency o the
andyss]. Departures from the surn rule may be due to fragments being
missed, incorrect assignment of quantum numbers, and to uncertainties
in the distorted wave theory and in the postulated mechanism of the in-
teraction. It may be difficult to be sure which of these contribute in a par-
ticular case, but nevertheless the surn rule does provide an additional
constraint that must improve the overall reliability of the analyss.

The surn rules are familiar and have often been used in analyses of nucleon
transfer reactions. There are however other surn rules that provide addi-
tional constraints for reactions on nuclei with J; # O Among these are
the J-dependent surn rules

20, 1 '
T o s @t )Y O (hidn s (3-7)
27, +1 " g e
27, + 1 , - JiJ
- _\2i+2d sSYT -
T S,,,+(2J,,+l)§() TinjJr Sis (3-8)

where J; and J, are the spins of the final states excited in stripping and
pickup reactions respectively. It may be noted that addition o (3-7) and
(3-8) gives the previous surn rule (3-6). These J-dependent sum rules have
been obtained by French (1966) and attention has been drawn to their
usefulness by Clement (1971).

In order to clarify the meaning of these surn rules, it is useful to work out
their implicationsfor a few simple cases:

A Jp=121=0
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Inthiscasej = 1/2 and J, and J, can take the valuesO and 1, and the sum
rules become

ZSSI + Spl -+ 3Sp0 = 3, (3‘9)

2Ss0 + Spl —SpO = 1, (3"10)

where S, is the sum o the spectroscopic factors for all I =0 stripping

transitions to states with J = 0 and so on. Thus if §,, and §,, are known,

S, and S,, can be calculated and vice-versa, The sum rules thus provide
relations between the spectroscopic factors corresponding to reactions to

states o different J.

B.Jr=1/21=1

In this case j = 1/2 or 3/2, and the corresponding vaues of J,, J; are
0,1) for j = 1/2 and (1,2) for j = 3/2. The surn rules are:

j=1/2:

2S50‘_Sp0 + Spl = 1, J (3'11)
2S81 + 3Sp0 + Spl = 3; ! (3'12)
j=3/2: '
25, - S, + 35,, =6, (3-13)
4S,, + 58, + S,y = 10, (3-14)
C. JT = 1, l = 1

In thiscasej = 1/2 or 3/2,and thecorresponding vaueadf J,,, J; are(1/2, 3/2)
for j = 1/2 and (3/2, 5/2) for j = 3/2. The sum rules are:

=1/

. 3Ss1,2—Sp,,2 + 2Sp3,2 =2, (3-15)
3S,3/2 + 4S,,1,2 + S,,3,2 =4, (3-16)
j=3n '
65515 + Sp1/2 =28,3;2 + 38,5, = 4, 3-17)
15803/, 108, ,, + 1183, + 65,5, = 20, (3-18)
1085/, + 158,15 + 65,372 + Sps2 = 20. (3-19)

Beforeventuring to use thesesurn rulesasspectroscopictools, it is important
toseehow well they areobeyed in situations that areal ready well understood
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These J-dependent sum rules may be tested by comparison with suitable
experimental data. Ideally, these should satisfy the following requirements,
though sometimes a partial check is possible with less complete data:

1 The spin of the target nucleus is non-zero;

2 Data on both nucleon pickup and nucleon stripping are available for
the same nucleus;

3. The spectroscopicfactorsfor both the pickup and the stripping reactions
are significantly different from zero;

4. The transitions with j = 1+ 1 for the transferred nucleon are distin-
guished;

5. The J o the fina state is known for all transitons;

6. The energy is high enough to excite all the states contributing to the
sum rules;

7. It is also desirable that all the final states are bound, to avoid the diffi-
culties connected with the theory of stripping to unbound states.

The determination of the spin of the fina state J and o the total angular
momentum j o the transferred nucleon presents difficulties. The cross-
section of the nucleon transfer reaction is more sensitive to the vaue o |
and this serves only to set limits to J and j. The remaining ambiguities
may be resolved by measurement of the polarisation of the outgoing
nucleon, or using the J or j-dependent effects on the differential cross-
sections. In some cases it may prove useful to measure the (p, @) or {(«, p)
reactions to the same final states, as they show a marked J-dependence.
It has also been found that the j-dependent effects are stronger in (h,a)
than in (p, d) reactions, possibly because the reaction is more concentrated
in the surface region (Bohne et a., 1970). §

Several cases have been found that enable the J-dependent sum rules to
be tested and these are discussed below. They may wnveniently be classi-
fied by their values of J; and |.

s

1 JT:%,].:O

This is the simplest case, but no good examples have yet been found. A
likely nucleusis F!°, and the study of F'°(d, h)0'® by Kaschl et al. (1970)
showsthree! = O transfersto J = 0 states, giving S,, =0.58,and no! =0
transfers to J =1 states, S,; =0. The sum rules (3-9) and (3-10) give
S,, =0.79and S;; = 0.63. No completeanaysis of thestripping reactionis
available, but thework of Ritter er al. (1969) gives §,, = 1.02,and threeother
I =0 transitions to find states of unknown spin have a total §, of 0.42.
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£= 1 Tronsitions

Ex J j
0 g %
o8ar 2 %
+ 3/

2654 2 %
+ I

2939 © %
+ 3 5,

2957 2. A
+ oy

3019 | 2
3367 2 %
i

3.447 %
+ i

3599 O 2
¢ 3

4398 | %
8 1 .
4.545 | )
4610 2 %

S

0.10
0.42
0.04-
o1l
0.35
0.28
0.01
0.07
0.8
oot 4
002
001

A

0.39= Spo

I

0.84:=S
p2

Sm=oo7

S =030
P A

=

Table 3 - Spectroscopic Factors for the reaction Fe®(d, t)Fe®, (Daehnick, 1969).

9= | Transitions

”

Ex J
0 0
oglo 2
674 2
2782 1
3.098 2
3522 |
3652 2
4175 O
5008 |
5113 (;

S

0.04
o.t

0.44
0.45
038
0.1%
0.12

- 0.44

0.33
0.06

1.05=S
1 s2

0.54:=5
so

0935,+55,

-~

Table 4 - Spectroscopic Factor sfor thereaction Fe37(d, p)Fe®®, (Futmer and McCarthy, 1963).
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2. JT=%,I=1

Thisis the next smplest case, and Fe®” providesan amost complete exam-
ple Theresultsfor the pickup and stripping reactionsare shown in Tables
3and 4, and all that islackingis the assignmentsfor the stripping reactions,
so that S,, and S, are not separately available, but only their sum. The
comparison between the measured spectroscopic factors for stripping and
those calculated by the j-dependent sum rules from the spectroscopic
factors for the pickup reaction is shown in Table 5. The agreement is en-
couraging, particularly if the spectroscopic factors are normalised to the
overal sum rule total, but the remaining discrepancies merit further in-
vestigation.

State (%)) Calculated Measured S
0" P 0.66 0.54(0.94) So
1 Pin 0.88 S,

. 1.83 0.93(1.62 &
17 D32 0.92 (1.62) S
2 P32 191 1.05(1.84) s,

Table 5 - Comparison of Spectroscopic Factors for the reaction Fe’"(d, p)Fe®® calculated
from thedatafor Fe®?(d, t)Fe*® (Tablel) and themeasured spectr oscopicfactors(Table2). The
figuresin parentheses are obtained by normalising the measured values so as to satisfy the
overall aurnrule.

3.Jp=11=1

The nucleus N'* would appear to be suitable for a study o this case, but
adthough there are very many papers devoted to neutron and proton
pickup and stripping on this nucleus none is sufficiently detailed for the
validity of the sum rules to be investigated.

4. Jp=3,1=0,2

A promising nucleus o spin 3/2 is Rb*, and some measurements have
been made of the Rb87(d, p)Rb®® (Rapaport et al., 1971; Torti and Graetzer,
1971) and Rb®7(d,t)Rb®*® (Dawson e al., 1969) reactions. Several | =0
transitions are observed in the (d, p) reaction but not in the (d, t) reaction,
indicating that the S state is, completely unoccupied. The ! = 2 transitions
are observed in both reactions, but no spectroscopic factors are available
for the (d, t) reaction. Application of the sum rules aso requires discrimi-
nation between the 2d;, and 2ds, neutron transfers.



We thank Dr. C. F. Clement for drawing our attention to the importance o j-dependent sum
rules.
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