Revista Brasileira de Fisica, Vol. 1. N.° 3, 1971

The Problem of Bound States in Reativistic Fidd Theory
and its Implications in the Scalar and Pseudoscalar Gluon
Modd for Quarks*

MODESTO PUSTERLA**

Pontificia Universidade Cat6lica, Rio de Janeiro GB

Recebido em 19 de Outubro de 1971

The study of bound states in potential theory using Padé approximants in the evaluation
of the off-mass shell scattering amplitudes was proposed by Alabiso, Butera and Prosperi.
In this case, the convergence of the Padé sequences is substantially enhanced. We propose
asimilar method for field theoretical models aiming to the development of convenient appro-
ximations for the bound states in relativistic quark models.

O estudo de estados ligados na teoria do potencial, utilizando os aproximantes de Padé
para as amplitudes de difusdo fora da camada de massa, foi proposto por Alabiso, Butera
e Prosperi. Neste caso, a convergéncia das sequéncias de Padé é bastante aumentada Pro-
pomos aqui um método semelhante para modélos de teoria de campos com a finalidade
de desenvolver aproximagbes convenientes para 0s estados ligados em modéos relativis-
ticos de quarks.

1 Imtroduction

It has been pointed out recently! that it is possible to ook for bound states
in potential theory starting from Padé approximants o scattering ampli-
tudes taken off mass-shell, improving in this way enormously the conver-
gente o the Padé sequence, in comparison with the S matrix (or T matrix)
approximants.

The use of a similar method is here proposed and adapted for field theore-
tical models with the particular purpose of developing convenient approxi-
mations for the bound states in relativistic quark models. Indeed, owing
to the great binding energy, this seems to be a typica case where the pre-
dictionsof theS matrix arequitedifferentfrom thosed itslower order Padé
approximants.
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In analogy with the work of Alabiso, Butera and Prosperi', we must deal
with the relativistic four-point function G(J, s) at fixed total J, in order
to look for the bound states of the quark-antiquark system as fixed poles
in the s variable(s r W? c.m.), namely, the square of the total c.m. energy.
The complete Green's function for the elastic quark-antiquark system, in
perturbation theoiy or in Padé approximation, is a matrix 16 ® 16 in
spin space and has also a functional dependence on several variables
besides the usual Mandelstam s, t, u If it has a pole in s, however, this
must be common to all matrix elements and we therefore can restrict
ourselves to only a part o the whole matrix, namely, the one that corres-
ponds to the general spinor basis#(p) ® ©(g), u(p) @ v(q’) wherep, p, g, d
are here considered the four-momenta o two arbitrary spin 1/2 fermions
incoming and outgoing, and two spin 1/2 antifermions respectively, to
which we may attribute masses m, , m, , my, my. Such masses appear as
free parameters in our Green's function and may vary freely without pro-
ducing any shift in the s-pole which remains fixed in the exact off-shell
amplitudes. This property is the starting point of the variational approach
in the Padé approximants.

Our main purpose is then to build the Padé approximants o G(J, s, m; ,
m, , my , my) from perturbation theory and then use the vanational method
mentioned above, on theexternal massesm ,m, , m5 ,m, (or on themassm)
in order to derive the bound-state equation g2 = g, where g2 is the
renormalized coupling constant of our field model.

To this end, we firs remark that renormalizability joined with Lorentz
invariance leaves us very little choice for the Langrangian interaction
density: we indeed are left with the scalar, pseudoscalar and vector inte-
raction, or explicitly:

3
L, =g, ; (XM ()Y (x), (1-1)
q,(x) = quark field, « =1, 2, 3

Y(x) = gluonfield (scalar or pseudoscaar),
3
Ly =g, ; (%) 7° g.0) Y(x), (1-2)

3
L, =g, Y, 3.(x)7"q.(%) B,(x),
a=1 ( 1 . 3)
B,(x) = uector gluon

(wherewe take equal-massquarks for the moment).
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Great attention has been devoted to the vector coupling because of its
peculiarity of being chiral SU(3) ® SU(3) invariant? However, if we restrict
ourselvesto an SU(3) phenomenol ogical description of the elementary par-
ticles, this chiral invariance is already violated by the introduction o the
mass terms in the free Lagrangian and so we may also consider the inte-
raction terms that break chirality as the pseudoscalar or the scalar one.

We here formulate the further assumption that the gluon responsiblefor
theforcesisan SU(3) singlet and analyzein detail the scalar and thepseudo-
scalar cases. On the other hand, there seems good evidence in favour of
these couplings from the nonrelativistic bosonic and fermionic states des-
cribel by the quark modd. More precisdy, the fact that the effective mass
o the quark appears very small, from quite accurate fits o the mesonic
spectrum and from the el ectromagneticform factor of the nucleon®, hasan
easy explanation with a relativistic scalar potential in the Dirac equation
for the quark particle* and consequently in termsof scalar or pseudoscalar
fidd couplings. Another point favouring this type of interaction is the fact
that it provides attractive forces, with different intensities, for both quark-
-antiquark and the quark-quark systems, thus providing a basis for the
description of the three quarks. This is more difficult to be understood
within the frame o the vector coupling.

2. Quantitative Formulation of Quark-Antiquark Bound States

The two body quark-antiquark system is here looked at by studying the
off-shell four-point function of the quark-antiquark elastic process. The
latter can be calculated asa two body T matrix amplitude T(J, s) with arbi-
trary spin 1/2 particles initial and final, whereas the "physical" quark
appears with its fixed mass min the propagator lines. The calculation of
the G(J, 9), is here further simplified by assuming all the external lines with
the ssmemassm r m; = m, = my r my ¥ m The G(J, ) thus coincides
essentialy with the partial wave matrix T(J, s m) which followsfrom the
five helicity amplitudes

O1=Tigis, 343, ¢y = Tiysy, ~4—3> @3 =Tig—y, +3-3

bs=Tiy g, —343» ¢s = Tiyey, +i-%>

(for definitions and details see the Appendix).
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We have in fact for the singlet and the decoupled triplet transtions(pari-
ty ((1)'*):

T(J]0,3;0,J) = 4xF, (J,9), @-1)
TW|1,J;1,J) = 4n{F(J,5) + @J + D [JF3(J + 1,5) +

(2-2)
+ (J + 1) F3(J-1,9)]},
and again for the coupled triplet T matrix eements (parity (- 1)'):
TA|LI-11-)=@J+ ) [Q+ Dh], + Th .~ 23)
-2/ JJ + l)h{,z] =T,
TU|LJI + LL,J-D=@QJ + D[/ IJ + D —hi) - 24

—h{,z J1=T, =Ty,
T(J|1,J +1;1,3+ D=RQI+ DI+ DhH , + Jhéyz—

2-5
2 /IT+ DK ] =T, -9

where
hi, = 4n Fy(J,s), (2-6)
By, =4n{Fy(J,5)+ QI+ D [JFJ + L)+ (J + 1)F4(,J~1,s)8,7)

b, =4zl / JJ + DI2J + D][Fs(J + L,s)~Fs(J - Ls)], (28

+1

and thepartial wavefunctionsF{J,s) aredefined as(1/2) J dzP,(2) Fyfs,t);
1

the F, arelinearly reated to the ¢’s in the following fashion:

F1=¢1‘¢254§1‘q§2’ (2-9)
Fo=¢; +6,=6-6,, (2-10)
Fy = (1/2)(d5-ba), (2-11)
F4 = (1/2)(63 + (54), (2'12)
Fs =65, (2-13)
with
¢ = gilsn (@/2)]°7" - [cosia/2]** M. (2-14)

(see Appendix for definitions of a, a, b)
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These formulas represent the kinematical framework which relates the
partial wavesto the invariant amplitudesfor equal mass spin 1/2 two-body
scattering and must be used in perturbation theory to evaluate the Padé
approximants of T(J, s, m).

The simplest approximant 71 consists o the Born term (Ty) and the
full fourth-order renormalized calculation (7;); one must then compute
the helicity amplitudes that are explicitly given in the Appendix for both
the scalar and the pseudoscalar interaction, at the required perturbative
order.

3. Padé Approximants

Dealing with two spin 1/2 particlesin theinitial and final states, the T ma-
trix, as it has been pointed out in the kinematical formulas, has two diffe-
rent representations, in the partial waves, for the two opposite parity states.
More specificadly, once the SU(3) guantum numbers are given, we have
the singlet (J =1 S =0) and one of the triplets(J =/, § = 1) as smple
one-dimensiona amplitudes with the total parity equal to (- 1)’ **, which
differ from each other for the charge conjugation quantum number
C = (-1)*" in the non-strange quark-antiquark bound states and are
decoupled. These amplitudes, however, become coupled through the sin-
glet-triplet transition in the strange quark-antiquark states when the mass
difference between the 4 and the n-p quarks is taken into account. The
other possibility is the two by two transition matrices that correspond to
the coupled triplet (from J+1-J+1) with parity (-1)’, as it is easly
seen from formulas (2-3), (2-4), (2-5). To such a structure for the T matrix
dements must be joined the wanted SU(3) physical states in order to pro-
vide us with the various bosonic states we are looking for.

Let us consider the Padé approximants in the uncoupled (J=1) and in
thecoupled cases. Theformer givesasimpleexpressionfor the 7¢-1) (J, s, m).

1T, 5 m)
TR(Ja S, m/)

TWH(J s m) = 3-1)

The latter brings to the two by two matrix
T, s,m) = ¢* Ty [T-¢*T.] ' Tr. (3-2)
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The bound state function g(s, m) is thereforeequal to Ty/T, in the uncou-
pled case and to

1
- A134 + iV (AB4)2 - A4AB) : —~A
4

for the coupled triplet, where

nm (TY)s2 3.
e VA T A -3
(TB)ll (7;3)12 3_4
b Bt e (B’ G4
and
4 =—(T)i1 (Tplaa = (Tw)aa (Te)sy + 2(Tu)i» (Tp)y, 3-5)

The variational method toward the parameter m is now performed on
thefunction g?(s,n’) in order to obtain the stationary function g*(s) such that

8,0 §*(s,m) =0, (3-6)

Once the function z(s) is obtained, the bosonic spectrum and the corres-
ponding Regge trajectories must be looked at.

In practice the stationary point can be searched only numerically by tabu-
lating g as function of m.

4. Bosonic Spectrum and Regge Trajectories

The formulas explicity treated here are valid for the bosonic octet states
and, with theintroduction of the symmetry-breakingeffectsin the coupling
or in the masses, they may be used for a large fit o particles; the singlet
states can adso be considered by adding the corresponding graphs with
only gluons in the intermediate states.

The evaluation of the Regge trajectories is ssimple from formulas (2-1)
—(2-5), because o the possibility of considering for the functions F,(J, s)
the Froissart-Gribov representation from our formulas that are written
by dispersive integrals. All formulas d ours do reggeize except for the
J =0 case, where we may find Kronocker delta functions in our partial
wave T-matrix elements; correspondingly we have the blowing up of
the Froissart-Gribov representation. The investigation o the Regge tra-
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jectories is very interesting in the equal mass case (m, =m, ) because
several features of these are supposed to be independent of the SU(3)
symmetry-breaking effects.

The author acknowledges. Professors E. Ferreira, S Ragusa, and J. A. Swiecafor their inte-
rest and wmments. He also thanks Father Thomas L. Cullen, S J, for the kind hospitality
at the Physics Department of Pontificia Universidade Catdlica of Rio de Janeiro.

Notations and Definitions

¢ = gluon mass K =-p/s

m = quark mass c=in*=i31n*B2,2)
m = external line mass . 3!

t =— 2p?(1-cosa) ¢ =(in* =iz at B3, 1)

P2 = (1/4) (s - 4m?) s=—(p + 0 =~ + ¢
m st t=-'-p
SN’ =2 u=— (P

P .
cos? — =1+ —
2 4p?

Appendix
The Scalar Interaction

Born term — The Bom term (Second order in g) isessentially a gluon exchangein thet-channel,
because the gluonic exchange in the s-channel contributes only to the SU(3) 47 singlet states.
We obtain indeed:

— Kk 2-&3;m12_;/_g_\2
¢, = k'cos > 2t \27[},

O3 =+, dy=-0,,
1

Fourth order — It consists of the self-energy part, the two vertex (equal) parts and the direct
and crossed box diagrams. Again, we treat only the contributions that are relevant for the

octets.
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Self

energy — It equals three times (n,p, A quark loops) the following contribution:

6, =K cos? B (-m2yn(t). {i(h)—z (29_’)4} ’

b, =k sinzg—w:—‘n(t)-{i(Zn)'z (2—“;) }

P =0y, ¢a=-¢,, .
¢s = k'sing-m'- —{—Vlt) {1(275)— ( )}’

where

t'—t

1 oA
o f An(t)
4m2

Am? -t \JV —4m?

M) = - a2 T Y

Vertex part — It is twice the following contribution:

¢, = K cos® —(— m2)v(t)- { i2m)~ 2( >}

6, =K sinzg‘%w(t)'{—i(h)"z(ig; }

¢3 =¢1, ba=-¢2,
4
$s =k'sino- £v(t) {~ i(2n)_2<5gy~g> },
where
w(t) =2il J ar f,vftt),
" mt—
M= 97wt -om m+ m) T "+ 4t o+ m)— 4m2}~Awt)

-0 {— 1-am 02 ) } A5

2
AY(t) = + n-(2m)? fromom’ )

1
S =9 ((1/2)~/ m? [t~ 4m?
ATE) = - Qap - n- LA

t
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Direct box diagram

4
b=t ot ot =k(1+ o fem (£)],

1
gy =—-m*m+mP¥,+(m+ m’)( 2m'3 m’—%) Yy —?m'z 2m?-5) ¥, ——;sz ¥,,

¢8 =k [i Qm?—5)-m? —— ]\P : {—i(Zn)‘Z (i)4}~
! 2 s—4m'’? 2z

. -t N EAY
¢2 = C(IJ;_i + C¢g N ; = k <s—:mﬁ) g2 {—1(27:) 2 (‘2—1;

s s
92 =74—(m + m’)z‘I’A-m’z'T‘{‘c +m?s¥,,

-t on- 9)“}
¢5=k'm;‘l‘ {—1(27:) 2(57; .

omtves] e s e ()

$a=—0¢;, ¢s=coi+c¢5,

. 1 o a1
#5 :ksnos_4m,z'gs'{”(2”) 2(5‘;' f\’

gs=m(m+ m’)’%‘l& + T (nt+ m’)(s—-4m'2)‘PB—m’f—{—6—s‘!‘c + 3ésm"l‘,,,

where

1 X1 X2
‘PZJ dx,J~ dxzj‘ dx, 1/A,
0 0 n

A = HxF— x5 x3) + M2 %, (%, — 1) + m? (L =) ~s(x, = x) (1 - x) + 6% x;

and dispersively:

+ @
gL f dt Im ¥(¢ , /¢ 1)
LB

Im¥ =-4xn

o+ s—dm?) St Si-am? '

t+ 2m?-m'? - p?) (t +2m? -m? - p?)
0

Jt-4m? Ji-4p?

t—4u® 1 \/ sm \/
+ 4z t t+ s—4m'’? ! sQ0 s
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where

(w2 =m? 4+ g + m e 4

sy =4

t—4u ’
a a ]

‘I‘A =—a—mz~\y—aﬂ—z‘l", TB=—W§I,
a a oV
Yo=gm¥ ¥ Ho=%

Crossed box diagram. We obtain:

G . _ 4
¢, =cot + ¢ ¢f, ¢f =k’COSZ—i~~g1-{—l(2n) 2<%> i

. ] ,
gy =-m(m t mP¥st S; (mt m) WS+ %m’z @m'?—s) ‘Pg—<7—2m’2) WS

4
=it oe (2]

, ., 0 g \*
$r =cdf +  Pf, &3 =ksm27-g2-{-,(2n) 2<§E) }

N

g, =(m+ m’)z%‘l’ﬁ—Zm’(m + m) WS- 7

¢f =K 'sin® - ¥°- {— i2m)~ (-297;)4}

s
+m'27\yg,

¢ = cpf + kK [—;— (2m'2_s)] [1 + _t—]l}u‘.

s—4m'?

Py =- 2
¢s =t + ¢ ¢
1 . —2 _g— 4
s am2 s {_ i2m) (21:) }’
gs = éml (m + m'y* ‘1’5-\1/—6;("' + m)(s + 4m?) P§ +

¢§’ =k'sino + im’é.\[lc.{_i(zn)—z<%)‘}.

4 = k'sino

s/ sm’

16

c
Ve,

2 2
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Pseudoscalar |nteraction
Born Term

- ksl 2P (8Y
¢, =0, ¢, =FKsin 7 o (21[) ,
¢3=0, aa=42, &H =0 ¢s=0.
Self energy

, .. @G 2 . —2{ 9 4

¢, =0, ¢2:ks‘“7'(+17)"l(t)' Q2m)~*{5-) 1>
¢3=0’ ¢4=¢2’ ¢5=05
where the function 5(t) was defined in the self-energy section d the scalar case.

Vertex (ps). We obtain

¢, =¢3 =095 =0,
4
2= ¢, = Kisin® %(4m’2-S)%,u(t)‘{~ in)? <5~"7-z) }

av Alu(t )
-t

>

u(t) = (2mi) ™! j

am?

Au(e) = (=) {0 -m)* + p?] A - AT,

where Ay and AJ are aready defined in the scalar interaction case.

Boxes (ps): Their formulas coincide with the correspondingscalar ones with the substitution
m-——-m.

¥ derives from ¥, with the substitution s— u (h: A,B,C,D)
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