Revista Brasileira de Fisica, Vol. 1, N.° 2, 1971

Quantum Theory of the Magnon-Phonon Interaction in a
Time-Dependent Magnetic Fidd*

S. C. GUERREIRO** and S. M. KEZENDE
Departamento de Fisica, Universidade catélica’, Rio de Janeiro GB

Recebido em 6 de Abril de 1971

The theory of theinteraction between magnons and phonons in a ferromagnetic crystal sub-
ject to time-dependent magnetic fields is developed by quantum mechanical methods. The
theory has been previously developed only in semiclassical terms and it revealed that under
ccrtain wnditions one can convert completely a state of lattice vibration (phonons) into a
state of magnetic excitation (magnons). The theory developed here is based on the quanti-
zation of the magnetoelastic fields. With the Heisenberg equations of motion for the magnon,
phonon and magnetoelastic excitation operators, it is shown that the results of the quantum
theory are essentially the same as those previously obtained. In a time-dependent field, a
magnetoelastic excitation has an invariant momentum but variable energy. When the field
gradient at the crossover region is much smaller than a critical value, an initia elastic exci-
tation can be completely converted into a magnetic excitation, or vice-versa It is shown
further that if the system is initially in a coherent state, its coherence properties are main-
tained regardless of the time-dependence of the field.

Néste trabal ho estudamos quéanticamente o problema da interagdo entre magnons e fonons,
em um material ferromagnétiw submetido a um campo magnético externo variavel no tempo.
Bste problema foi estudado anteriormente no formalismo semi-cléssico e seus resultados
mostram, entre outros fendmenos, que em certas condigBes é possivel converter completa-
mente um estado de vibragdes da réde (fonons) em vibrages dos spins (magnons) e vice-versa

A teoria aqui desenvolvida baseia-se no formalismo de quantizag@o dos campos magnetoe-
lasticos. Através das equagBes de Heisenberg para os operadores de magnons, de fonons e
de excitagBes magnetoelasticas, mostra-se que a teoria quantica leva a resultados que sdo
essencial mente os mesmos obtidos anteriormente. Em um campo dependente do tempo, uma
excitagdo magnetoel&stica propaga-se com momenturn constante e energia varidvel. Quando
o gradiente do campo na regio de cruzamento magnon-fonon é muito menor que um valor
critico, uma excitagdo anteriormente eléstica é convertida integramente em excitagdo mag-
nética e vice-versa Mostra-se também que se 0 sistema encontra-se inicialmente em um es-
tado coerente, a coeréncia é mantida durante a variagdo do campo.
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de Pesquisas (Brazilian Govemment). This paper presents the material developed (by S C. G.)
in a thesis submitted to the Universidade Catdlica, as partial fullfilment of the requeriments
for the degree of Mestre em Ciéncias.

**Present address. Instituto de Fisica, Universidade Federal da Bahia, Salvador, Bahia.
“Postal Address. Rua Marqués de S3o Vicente, 209/263, 20000 — Rio de Janeiro GB.

207



1. Introduction

The problem of the propagation of waves in a medium whose parameters
vary in timein a non harmonic fashion has received little attention in the
past. One o the reasonsfor this fact is, perhaps, that the speed of electro-
magnetic waves is very large, and this is the type of wave most used for
studying propagation phenomena. Asa consequence, it isdifficult to control
the time variation of a material parameter during the short traveling time
o alight wavepacket in asample. With the understanding of the properties
o slower types of wave excitationsin solids, this problem began to attract
someinterest. The behavior of an electromagnetic wave in a medium with
time-dependent diel ectric constant and permeability has been considered'.
Recently it was investigated® the more interesting case of a wave involving
excitationsof two different natures, namely that of a magnetoelastic wave
propagating in a medium subject to a time-dependent magnetizing field.
The theoretical analysis o this situation has been carried out semiclas-
sically?. Here we investigzte this process quantum mechanically.

Spin waves, whose quanta are called magnons, can be excited in a ferro-,
ferri-, or antiferromagnetic material under a static magnetic field, by
means of a microwave magnetic field. Due to the magnetostrictive pro-
perties of crystals, spin waves are usudly coupled to elastic vibrations
(phonons), resulting in what are caled magnetoeiastic waves® 6. These
waves can be coherently excited in low-loss materials, with a velocity
which is controlled by the magnetizing field, leading to important device
applications. The possibility of their technologica uses have resulted in
the great attention they received recently.

The propagation of magnetoelastic waves in a spatially varying magnetic
field was studied theoretically by Schlomann and Joseph’. These authors
have shown that these waves propagate in the fidd gradient with constant
freguency, constant power flow, but variable momentum and wave number.
They also showed that if a spin wavepacket traverses the crossover region
(the region where the magnon and phonon wave numbers are comparable)
vey quickly, wost o the energy staysin the spin wave state. On the other
hand, if the field gradient is very small, most energy is converted into the
elastic state. They have actually demonstrated that the magnon-phonon
conversion efficiency is a continuous function of the ratio between the
field gradient and a "critical gradient'". Experiments confirming the pos-
sibility of converting a spin excitation into coherent lattice vibrations with
a spatial gradient were realized sometime ago®, whereas the conversion
efficiency as a function of the gradient only recently has been measured®.
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A somewhat analogous situation, namely the propagation of magnetoe-
lastic waves in spatidly uaiform time-varying magnetic fields, has also
been investigated #''° both theoretically and experimentally. In this
instance it was shown that propagation occurs at constant momentum
and wave number, but variable energy and frequency. Magnon-phonon
conversion at the crossover is also possible and the wnversion efficiency
is a function o the time gradient d the fidd. The theoretical analysis of
this situation was carried out completely with the semiclassical formalism,
which is based on the equations o motion for the magnetization*- !!
and the lattice displacement®. Obviously some questions are not answered
in this treatment, in particular those related to the evolution o the cohe-
rence o the quantum state during the magnon-phonon conversion. This
paper is devoted to the quantum mechanical analysis d this situation.

In Sec. 2, wereview the transformations used to obtain magnon and phonon
creation and annihilation operators which diagonalize the Hamiltonians
for the magnetic and the éastic systems in the case of a static applied
fidd. The magnetoelastic interaction Hamiltonian is also expressed in
terms o these operators.

In Sec. 3, the total magnon-phonon Hamiltonian is diagonalized and the
possible states o the system are discussed. In Secs 4 and 5, we consider
the equations of motion and the invariant operators o the system under
a time-dependent applied field. Sec. 6 is devoted to the solutions of the
Heisenberg equations of motion of the magnon and phonon operators
for the case o the time-dependent fidld, and to the calculation of the mo-
mentum conversion efficiencies. Finaly, in Sec. 7, we discuss the relations
between the results of the quantum and semiclassical treatments of the
problem.

2. The Hamiltonian for the Magnon-Phonon System in the Case of a
Static Magnetic Field

The analysis presented in this paper appliesto a simple Heisenberg ferro-
magnetic cubic crystal, magnetized to saturation by a uniform magnetic
fidld which is allowed to vary in time. In this section, thefield is assumed
to be gtatic. The total Hamiltonian of the systern can be expressed in terms
o the spin operator and the elastic displacement operator at each lattice
site. In a firg approximation, the Hamiltonian can be written as the sum
of three parts, a magnetic component depending only on the spins, a pure
elastic one, and a magnetoelastic term depending On both the spin and
the elagtic displacement.
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a) Quantization of the Spin Excitations

The most important contributions of the spin system to the total Hamil-
tonian arisefrom theinteraction between individual spinswith the external
fidd (Zeeman interaction), and the exchange and dipolar interactions
between neighboring spins. These components can be written as®

e%m ="“2'U,ZSI~'H1'— Z JUSl‘SJ
i - i#j

+3 Z Quy [S: 'Sj/"?j“_3("ij S ;- S)rl, (2-1)

i#j

where p is the Bohr magneton, S; is the spin at the lattice site i (in units
o h), assumed to have g-factor of 2, J;; is the exchange constant o spins
S; and S; and r, is their relative position vector. H; is the applied field
a site i, lying in the z-direction of a cartesian coordinate system. The
eectron spin is taken paralel to its magnetic moment, as assumed in
most quantum treatments of spin waves. The Hamiltonian (2-1) can be
cast into a diagonal form with a series o canonica transformations per-
formed on the spin operators, which are known as the Holstein-Primakoff
transformations © 2. The first transformation is

S} =S¥+ iSY = (29" (1 -a a;/28)* a;, (2-2)
S = SF—iSY = (25)"2 af (1-af a,/25)"2, (2-3)
Si=S-dal a;, 24

where g} and g; are creation and annihilation operators that satisfy the
usual Bose commutation relations, and are aso localized at the lattice
site i. The collective excitation Bose operators are introduced by

a; = N“”Z;[uke""'i c-vee ®rigl, (2-5)

where N is the number of spinsand k denotes the wave vector of the exci-
tation. In the indices, the vector sign is kept out for clarity of the notation.
The summation in (2-5) extends over the whole Brillouin zone. The para-
meters , and v, are given by®

u, = coshy,, v, =e?*sinhy,, (2-6)
where
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and, for a simple cubic lattice, with exchange only between nearest neigh-
bors, in the long wavelength limit, 4, and B, are®

A, = Dk* + 2uH + pdnM sin? 9, ,

) (2-3)
B, = udnM Sin? 0, exp (- i2¢.),

where D = 2SJ2?, a is the lattice parameter, M is the saturation magne-
tization and 6, and ¢, are the polar and azymuthal angles of the wave
vector, shown in Fig. 1 The inverse transformation is

G =N"'12Y [e ™ "a; + v " al, (2-9)

so that

lee, e =0, [y 6] = by (2-10)

z |

€(k,3)

€(k,2)

Fg. 1 - Coordinate system and polarization vectors for wavevectors.
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Using (2-2)-(2-10)and the closure relation, one can show that the Hamil-
tonian (2-1) becomes

Hn =L hon®)(c e, T, (2:11)

where higher order terms are neglected. hw,, (k) is the magnon energy
given by
Ao, (K) = (A2 - | B, |)'* =
= (QuH T DK2 + p8aM sin? 0)'? QuH + DkH)V2. (2-12)

The form o the magnon Hamiltonian (2-11) is the source d a well-known
and fruitful analogy between the mode amplitudes of the collective spin
excitations and the coordinates of an assembly of one-dimensiona har-
monic sscillators. The operators ¢; and ¢, are interpreted as creation and
annihilation operators of quanta of spin excitation, called magnons. The
creation of a magnon corresponds to the flipping o a spin by one unit,
and the flipping process propagates through the crystal instead of staying
locdlized. In (2-11), the terms involving three or more magnon operators
which were neglected, represent magnon-magnon interactions which are
responsible for relaxation mechanisms, saturation effects and other phe-
nomena.

None of the operators presented so far corresponds to an observable

variable. In experimentsone detects spin excitationsby means of the mag-

netization operator, which is introduced in a continuous description of

the crystal through the relation M(r) = 2u Y S,;/6V. Here the summation
1

runs over the sites inside a small volume 8V, around the point r, which
contains many sites. Using (2-2), (2-3) and (2-5), we can expressM in terms
o the magnon operators. In the Heisenberg picture, the components
transverse to the static field are, to first order in the magnon variables'?
(represented by small letters),

m(r, t) = m™ (r, 1) T m (1),
where
m @, 1) = [ @, 0] = (M/V)2 Y (o) €% ¢
k
i) e, 0) = [ 0, 0] = MV Y g + o) €7 iomt ¢ (2713)
k

where V is the volume of the crystal. The longitudinal component of M
is M, =M -m,, where m, =~ (m? + m2)/2M.
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b) Quantization of the Lattice Vibrations

Let us consider that the ferromagnetic crystal is a continuous solid, elas-
tically isotropic, with average mass density p. We also assume that it is
acubiccrystal so that, within thelinear approximation, the relation betvzeen
the stress tensor and the strain tensor involves only two different elastic
constants!*, ¢,, and ¢, . Theelasticdeformationsaf thesolid are expressed
in terms of the vector displacement R = r' —r, wherer is the initial position
of an atom or of a volumeelement, andr' is the position after deformation.
The contributions o the elastic system to the Hamiltonian anse from the
kinetic and potential energies. In the linear approximation, the elastic
Hamiltonian can be written as!®

_ (&[22 OR 3R, OR; B OR; 3R,
”e‘J [2 T oo T2 ow ox, T2 ox, ow | O
where the repeated indices indicate summation, and « = c,, +c and
B =c¢,. The cartesian coordinate system has its axes lying along the
[100] crystallographicdirections. It is useful to introduce the canonical mo-
mentum density through the relation IT; = #/R; = pR;, where & is the
Lagrangian density. In order to obtain the collective excitation operators
for the eastic system, we make the canonical transformation

B\ 12 '
Rr.2) =} (k) <7> (1) ™7,
k.p
h 1/2 .
ni (l', t) = kZ 8iu(k) <_I7) P‘l: (t) e_lk"’

where g;,(k) = Xx;.é(k, 4), and the &k, 4) are unitary polarization vectors
defined for the wave vector k, illustrated in Fig. 1. This new basisis intro-
duced because in an elastically isotropic crystal the eigensolutions of
(2-14) may be rigorously classified as longitudinal or transverse. We choose
é(k, 3) as the longitudinal polarization vector. Notice that from hermiticity
it follows that @ = @*, and P, = P¥,.

(2-15)

The quantization of the elastic vibrations is made through the commuta-
tion relations involving R'(r) and IT¥(¥). The only noncommuting pair is
such that

[R'(r), TV (1")] = ifidy; o(e - ), (2-16)
-which leads to
[Q# s PK'] = i 5kk' 5nv . (2'17)
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Asin thecase of the spin excitations, one can find another canonical trans-
formation which diagonalizes the elastic Hamiltonian. The transforma-
tion is

h 1/2
0 = [m} (Gs + 4 @-18)
12
Pz=i[@§@] (€= 3,
where
wplh) = k[ﬁ—%‘i‘?ﬁ]l/z , (-19)

is the phonon frequency. With this transformation, the Hamiltonian (2-14)
becomes

H, =Y hw,, k) (@ au + 3 (2-20)
k.

The new operators satisfy the commutation relations

[auk H avk’] = 0’ [auk H a:k’] = 5uv 6kk' (2'21)

and are interpreted as creation and annihilation operators o lattice vibra-
tions, whose quanta are called phonons. In terms of these operators, the
displacement and the momentum density operators are

h 12 v —iker ik r
R; ~;ﬂsm(k)[m] (axe + a, e’

. ho, T2 L N (2.22)
I, = k}: ie;, (k) lj%—l—/ﬂ:l (@, e* " —a,e ™"
-

c) The Magnetodastic Interaction

In Fig. 2, we show the dispersion curves for magnons and phonons. The
curve for a magnon with a given direction of propagation 4 lies between
the two parébolic curves shown, and it is important to notice that the
frequency depends on the intensity of the applied static field. For small
values o the wave number, the frequency is d the order o O, ~ 2uH/h,
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O=m /2
0=0

Fig. 2 - Magnon and phonon dispersion curves.

and, for valuesof H ~ 1kOe, w,, liesin the microwaverange(10° - 10*® Hz).
Because the velocity of elastic wavesin a crystal is typically in the range
105 - 10% cm/sec, their wave numbers at microwave frequencies are
k ~ 10*-10°cm™!. This implies that both transverse and longitudinal
phonon curves intersect the magnon curves at low values o k (center of
the Brillouin zone). Due to the magnetostrictive properties of a crystal,
the elastic displacement is coupled to the spin. As a result, a spin wave
with frequency close to the intersection region in Fig. 2 is strongly coupled
to an elastic wave. This magnon-phonon interaction can be expressed by
a phenomenological Hamiltonian, which is a function of M and R. For
a cubic crystal, with the static field applied along one of the [100] direc-
tions, the lowest order term o the interaction Hamiltonian is given by

b OR; aR,.> 029

= 3p 22 M. M. 220
%me—fd rais MlM,<axj %)

where the repeated indices indicate summation with i  j, and b, is one
o the magnetoelastic constants. Using the expansions (2-13) and (2-22),
this Hamiltonian can be written in terms of the boson operators. We will
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assume that the wave vectors of interest lie on the xz plane of the cartesian
system, and that &k, 1) r §. The component of (2-23) quadratic in the
boson operators is given by

b2 #h 1/2 -
Hope = I[QLPM{! ¥ [k 72 (uy — vg) €08 20 (¢ + cL ) (@3k + a5 _3)
k

- kwy'? (u,— ) Sin 26 (¢, + Eal, T as_y
— ikap Y2 (w, F vy cos 0 (c,—cl ) (ai T a, -], (2-24)

where ,, and w,, are the shear and longitudinal phonon frequencies. We
shall now confine our attention only to waves propagating along the
magneticfidd (8 = 0). The main reason for this assumption is that in this
case the equations for the fidd variables are simple to solve. Besides, this
is the mogt important situation in experiments because, due to focusing
effects, z-directed magnetoelastic waves are easier to excite and control.
Oneof thesimplificationsin this case resultsfrom the absenceof thedipolar
interaction in the spin system and, as a consequence, the ground state does
not depend on the applied field'¢. Findly, it is important to note that
the physical aspects o the genera case are essentially the same inferred
in this particular situation.

Taking 6 =0 in (2-24), we obtain

b2 /lh 1/2 . .
Hope = i[zz M] Y [kw, 2 ¢ (ay—iay, + ay -, —ia;_)—cc).  (2-25)
P 3 .

Note that longitudinal phonons do not couple with magnons propagating
aong the magnetic field. In order to smplify (2-25) further, we introduce
creation and annihilation operators of transverse circularly polarized
phonons

ey = 2712 (ag + iay) = 2712 (- ay, + iayy)
i - v - O 2-26
-y = 2712 (axk‘layk) =212 az~iayy) . ( )

Using the polarization index u as(+) or (-), it iseasy to show that theelastic
Hamiltonian (2-20) and the commutation relations (2-21) have the same
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form for the circular polarization operators (2-26). In terms o the new
operators, the total Hamiltonian for the magnon-phonon system becomes

H=H,+H .+ K, =
=Y 1oy, (K)cj e + 2 heoy, (K) o, i, F
A
+ Zk:ikLk Lex {a+) + a.;.—k(—-))_ck (a;(+) +a_y-y], (2-27)

_ [ b )1
L = [pwp, M

3. Eigengtates of the Magnon-Phonon System

where

In this section we study some properties of the normal mode collective
excitations of a magnetoelastic crystal under a static magnetic field. The
basic assumption o the last section is maintained, so that only z-directed
spin waves coupled to shear elastic waves are considered. In order to sim-
plify a little further the total Hamiltonian of the system, let us consider
the equations of motion d the magnon and phonon operators in the
Heisenberg representation. Using

%% =‘Z_’;+ %[A,Jf], (3-1)

we obtain
e =iopep T kL i ag o, T kL h-" a_yo, (3-2)
Apey = iw, a;(ﬂ*kLkh_l s ¢-3)

y—y = iw, ay -y~ kL A7t c_y. (3-4)

In the stationary state all operators have a exp (iwtf) variation, and the
magnetoel astic dispersion relation resulting from (3-2)-(3-4)is
(0 - w?) (0-w) -3, 6% =0, (3-5)
where
0, = 2kL h™1, (3-6)
which is a well-known result®. The dispersion curve is shown in Fig. 3,

with the frequency splitting at the crossover region greatly exaggerated,
because in usual situations this splitting is of the order of 10”2 compared
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Fig. 3 - Magnetoelastic dispersion curves for z-directed waves.

to the magnon frequency. Note that the two positive frequency branches
in Fig. 3 correspond to positive circularly polarized modes, propagating
in the z-direction, whereas the negative branch corresponds to a negative
circularly polarized wave in the opposite direction. The analysis o the
equations d motion (3-2)-(3-4) shows that an excitation with frequency
and wave number far from the crossover can have an almost pure magnon
or phonon character. However, in the crossover region the norma modes
are mixtures of magnetic and elastic excitations. The interesting pheno-
menon that we investigatein this paper is the possible change o character
of an excitation, from magnetic to elastic or vice-versa, caused by the
time variation d the applied field.
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From (3-2)-(3-4) one can find that, in the stationary state, the expectation
values of the positive and negative circularly polarized phonon operators
are related by

(G- = Lj’%‘“&] CHEE (3-7)

which shows that, in a large portion of the two upper branches of the dis-
persion diagram, the influence of the negative circularly polarized phonons
issmall. Therefore, we can neglect the negative phonon operatorsin (2-27).
Dropping the (+) index in the phonon operators Ieft, we can write the
Hamiltonian as

# =Y [Ao, ¢ ¢, T ho, d} a, + ik ho, (¢} a,—a} c)] (3-8)
k

This Hamiltonian can be diagonalized by new operators obtained from
linear combinations of the magnon and the phonon operators,

Ay = oy —ify ¢, By = ¢~ ifyay, (3-9)
where
M, + @y |2 _Jo,—o 17
“““[ 2o, ] S Rl I Pl B
o2 t2
and W =3 (0,-w,), o= [(uﬁ + 7{‘-] . (3-10)

The transformation (3-9) is such that the new operators satisfy the boson
commutation relations

[Ak > A;‘;"I = [Bk ] Bz’-‘ = 5kk' H

[Ai,Be] = [4. B{] =0, (3-11)
[Ak s Ak’] = [Bk s Bk'] =0,

and the Hamiltonian becomes
# =Y [hoa (k) A At hoy () B B, (3-12)

where

w4 (k) =3 (@, + w,) + o,

wp(H) = 3 (@, + o) -, (3-13)
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which are the normal mode frequencies corresponding to the two upper
branches of Fig. 3. These frequenciescan aso be obtained from (3-5) by
elimination of the negative root. Egs. (3-9)-(3-12)lead to the interpretation
of 4§ and B} being the creation operators o quanta of collective magne-
toelastic excitations, with energy hw, and hwg, A and B, are the annihi-
lation operators. Note that far from the crossover region, ie., when the
difference between the magnon and the phonon frequenciesis much larger
than the splitting of the two branches ((w, - ,,| > &), we have the fol-
lowing limits:

wp>wm Dy @ and wg— 0O, _
B0 Aoa B¢, (319
Wy > Wy w4 — 0, and o, —0, (3 15)
(Otk—’O) Ak"‘)_ick Bk'—’—ia,.

Thestationary statesdof the Hamiltonian (3-12)may beobtained by applying
integral powers of the creation operators to the vacuum state. The single
mode states can be written in normalized form as

Inu = A':)):/z 10>,

‘an> %‘0>

(3-16)

It is not difficult to show that the mean occupation numbers o magnons
and phonons in these states are given by

(g Ck Cel nay = {npy) ak i ai | nm> = By, G-17)
o | @, a; | Ny = {np | Ck C | Mgy = 0F 1y,

which are in agreement with the limits (3-14) and (3-15). Note also that,
asaf T 2 = 1, the mean number of magnons plus the mean number of
phonons in any state is the total number o the magnetoelastic quanta in
that state.

The stationary states (3-16) can also be expanded in terms o the pure
magnon and the pure phonon eigenstates. The magnetic eigenstates des-
cribe systems with well defined number of magnons and uncertain phase.
They have been usad in nearly all quantum treatments of thermodynamic
properties, relaxation mechanisms and magnon interaction processes in
ferromagnets. On the other hand, they do not correspond to the macros-
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copic spin waves used in the semiclassical treatments. This is clear from
the fact that the first order components d the transverse magnetization
(2-13) have zero expectation values in the stationary states. In addition,
asystem that behave nearly classically should involvealargeand uncertain
number of magnons, with well defined phases. It has been indicated!’-'®
that in order to establish a correspondence between classical and quantum
spin waves one should use the concept o coherent magnon states, defined
by analogy to the photon coherent states'?. In the same way we introduce
the magnetoelastic coherent states. The single mode coherent states are
defined as the eigenstates of the annihilation operators

AkluAa k> =UAI”A, k>, BkluB’ k> = uglug, k). (3-18)

They can be expanded in terms of the eigenstates of the Hamiltonian

iy = = (')I/Z,nk> (3-19)

where u stands for u, or ug

4. The Magnon-Phonon Interaction in a Time-Dependent Magnetic Fidd

In this section, we assume that the ferromagnetic lattice is subject to an
uniform magnetic field which varies in time. In order to understand one
o the important aspects of this situation, let us assume that prior to an
instant of time¢; thefield is constant, between ¢, and t, it increases mono-
tonicaily in time, and after ¢, it remains constant, at a larger value than
before. We assume also that, prior to t;, a magnetoelastic wave with
essentially pure phonon character was propagating in the crystal, with
the frequency and wave number illustrated in Fig. 4 We now ask what
happens to this phonon excitation as the magneticfield increases (resulting
in a motion of the magnon curve), and what the fina state is after t,. As
will be shown later, the wave number of the excitation remains constant
during the process, because the fidd is spatially uniform. As a result, as
thefidd changesthe frequency o the excitation changesand goes through
the crossover region, Therefore, the fina state will be a superposition o
states in the same branch as the initial and final statesin the other branch,
ie., a superposition of magnon and phonon states. The conversion from
a pure phonon excitation produced in Yttrium Iron Garnet by a piezoelec-
tric iransducer into a magnetic excitation, detected by the current induced
on a nearby fine wire, has been observed?. The magnon-phonon conver-
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Fig. 4 - Behavior of an initially phonon excitation in a time varying magnetic field.
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sion efficiency, which will be defined later, has also been measured as a
function of the time rate of changed the field®. In the following sections,
we study the evolution of the quantum system in this process.

The Hamiltonian of the system with H(¢) as an explicit function of time,
can be obtained directly from (2-27) by letting o, be a function d time.
Note that in the case of z-directed waves, o, = (2uH + Dk?)/h, so that
o, isproportional to H(t). Therefore, with the assumptions made in Sec. 3,
we can write

#(0) =Y | hon (ke + ho,d a + %hak(c}';a, _aic)

k

=Y [hw, () Ay A + hog (t) B} B,]. @&-1)
k

The equations of motion for the magnon and the phonon operators can
be obtained from (3-1) and (4-1). As none o the transformations used to
define ¢, and a, involve time-dependent quantities, these operators are
not explicit functions o time. Therefore we have

c% — ] T la T ,
al; - l'wm (ﬁ) ka+ 2 % a4 @-2)

K =10, 0y — 3 0 Gt -
The equations of motion for the normal-mode magnetoelastic operators
can be obtained from (3-9) and (4-2),or directly from the diagonal operator
{4-1). In thiscase, one hasto note that the partial derivativesof the operators
with respect to time are not zero. We have

i EX . 6 = ey X . é 2
Ai=io, 04 TisB, Bi=io;@Bi+i54 (43

12
where 9 = 2 arc cos [9—%&] and
b

. oy
0= o2 H (1) (4-9)

Equations (4-2) have the same form as the semiclassical equations® for
the transformed magnetization and el astic displacement variables, whereas
(4-3) are the same as for the normal-mode magnetoel astic variables. Notice
that if 0H/dt = 0,9 iszero and theequationsfor A, and B, are not coupled
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to each other. In this case the states corresponding to the two branches
of the dispersion diagram of Fig. 3 are orthogonal to each other at all
instants of time. However, if ¢ 0, one can couple the excitations of the
two branches and the situation illustrated in Fig. 4 is plausible.

The foregoing equations have been formulated in the Heisenberg picture,
which is characterized by the time-dependent operators, 'and by a time
independent state vector. Therefore, if the system is initially in a state for
which the expectation values of the magnon and the phonon operators
are not zero, the time evolution of the expectation values are governed
by Egs. (4-2) and (4-3). As a consequence, a quantum mechanical analysis
of this process in terms only of the expectation values of the operators
will give the same results as the previous classical treatment?. Our aim,
however, is to obtain also some information about the system with respect
to the time evolution of its possible states of excitation.

5. Explicit Time-Dependent Invariants

The invariance properties o a system play a large role in Quantum as
well as in Classical Mechanics. In the problem we are considering, an
invariant with respect to time is expected to play two important roles.
First, for the situation illustrated in Fig. 4, we have to define a magnon-
phonon conversion efficiency in terms o a quantity which is conserved
in the process. As the system is not conservative, the efficiency cannot
be defined as the ratio between the energies of the two states. Second, it
is possible to study the evolution of the state of a system with a time-
dependent Hamiltonian, by means of a simple theory?® based on the
expansion of the state in terms of the eigenstates of invariant operators.

In the semiclassical theory of the magnetoelastic crystal in a time varying
magnetic field, it was found that, due to the spatially uniformity of the
field, a quantity identified as the quasi-momentum density of the system
was conserved?. The momentum density which was found was the sum
of the spin-waveand the elastic-wave momenta. We construct the quantum
momentum density operators for magnons and phonons by replacing, in
the classical expressions, the magnetization and the elastic displacement
by the corresponding operators.

.k om\

Im —W<m X gg) z, (5-1)
i _p (PR o R R
9 =7 (ax,. TR TR -2
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The total momentum of the system is
P=wa®=ffd&®+&®l (5-3)

and, with theaid of the commutation relationsfor the magnon and phonon
operators, it can be shown that

P=YrIk(cc +ad a) (5-4)

provided that terms with three or more operators are discarded. Eq. (5-4)
has the expected form for the momentum o an elementary excitation in
solids. In addition, the total momentum o magnons and phonons is equal
to the total momentum of the quanta o the magnetoelastic system:

P =) kk (4; A, + B By. (5-5)
k

We can see also that the momentum for each k-mode is proportional
to the occupafion number of quanta of the mode. The equation of motion
for P(z) is

ap _ P 1

el A L (5-6)
The commutator which appears in (5-6) is zero, a conclusion easily drawn
from the expressions of s and P in terms of the normal-mode magne-
toelastic operators, (3-12) and (5-5). The partial derivatived P with respect
to time is also zero, which can be proved with the aid of (4-3),or directly
from (5-4), because  and ¢, are not explicit functions of time. Therefore,
dP/dt =0 and P is an explicit time-dependent invariant. Notice further
that it is a Hermitian operator. Under the assumptions we are considering,
the total number of quanta is also conserved. This latter property is true
only because the "reflected particles” represented by the operator a_,
in (3-2)-(34)were neplected. However, the coaclusion for P holds true
in genera. Finally, one can see that as the modes with different k are not
coupled by the time variation o the inagnetic field, the wave vector of
an excitation is also conserved.

6. Solutions of the Ieisenberg Equations the Magnon-Phenon Conversion
Efficiency

This section is devoted to the presentation d the solutions of the Heisen-
berg equations of motion introduced in Sec. 4. As mentioned previoudly,
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Egs. (4-2) and (4-3) have the same form as the corresponding semiclassical
eguations, and therefore we can apply here the solutions already known.

Although Egs. (4-2)and (4-3)are operator equations, their linear character
means that they can be solved in terms o c-numbers linear equations.
The solutions to the coupled equations (4-2) may be written in the form

ci ()= q®) i (to) T plt) ai (2o),

a} (1)= (0} (to) + (0] (1), ©y
where the momentum invariance implies that
laf? + s =1 [pP+]rP =1 gqp*+s*=0 (62
and the initial conditions are
qlte) =rte) =1,  plto) = s(to) = 0. (6-3)

In the c-number functions introduced we have omitted the index k to
smplify the notation. From (4-2) and (6-1), we obtain for two of the
functions:

4(t) = i, () q(t) + 30, s(0),

§(t) = i, s(t) - 30, 4(2). 6-4)
Similarly, for Eq. (4-3) we have:
Ay ()= () 45 (t0) T w(@) By (2o),
B (t)= 1(0) 4] (t5) * (1) B, (t0 ©
where
X2+ |y =1 |wP+|z]*=1 xw*+yz*x=0, (66)
and

x(to) = 2{to} = 1,  wlto) = ¥to) = 0. (6-7)

Analogously we obtain:

s =ia (00 150,

W) = feog (HE) + | % x(t). )

Some of the functions introduced in (6-1) and (6-5) have specid signifi-
cance. To seethislet us assume, for example, that at the instant ¢, we have
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in the system a pure magnon excitation characterized by a state [y,
with mean momentum g, = (¥, | ik ¢} ¢, |Wo) = hikA. Obvioudly, this is
only an approximation because it is not possible to have a magnon exci-
tation without some phonon admixture. However, if k is very far from
the crossover region, this approximation may be very good. If after ¢,
the applied fidd varies in time, there will be some momentum transfer
to phonon excitations, as reveded by the second of Egs. (6-1). As the sum
of the magnon and the phonon mean momenta is conserved, it is con-
venient to define a conversion efiiciency from the magnon to the phonon
state as the ratio between the mean momenta in the two states. Therefore,
usinfg 35-4), (6-1) and the fact that (W la]Woed = Wola; a¥o> =0,
we fin

M () = Gp (/i (£0) = |s(0) >, (6-9)

Notice that this is vaid for any magnon state |,). Analogously, we see
that if the system isinitialy in a phonon state, the phonon-magnon con-
version efiiciency is given by |p|*. In the same way, we can define a mo-
mentum conversion factor for the two magnetoel astic normal-mode exci-
tations, which represents the transfer d momentum between the two
branches of Fig. 3. It can be shown that

145 (t) = 95 (0/5.4(t0) = |YOI*, (6-10)
Npalt) =G4 0/F5 (t0) = [W*, (6-11)

which are valid for conditions analogous to those used to derive (6-9),
i.e., tO obtain (6-10) we assume that the systemisinitialy in a pure A state,
and for (6-11) it is initialy in a pure B state.

The systems of linear equations (6-4) and (6-8) cannot be solved for a
general time dependence of the applied fidd. However, it is possible to
find their solution for particular cases o interest. In the case of a dowly
varying fiedd (the downess condition will be specified later), ie., in an
adiabatic approximation, it is convenient to work with Egs. (4-3) and (6-8),
because in this case the coupling between the A and B modes is small.
Consider, for instance, that in this approximation we have the situation
depicted in Fig. 4 The system is initially in a phonon state in branch A
and the fidd increases so that the frequency goes through the crossover
region. The phonon-magnon conversion efficiency is therefore given by
1 -|y#)}?. The solution of (6-8), in thelimit where2uH/h < o7 ,isidentical
to the solution of the semiclassical equations?. In this case, one finds

2 . .
npm =1- ;V((X)) |2 ~1- % exp (— Hcrix/Hcross)’ (6'12)
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where H,, ., is thefidd gradient at the instant the frequency goes through
the crossover point, and
nho?

H,, = a (6-13)

is a critical field gradient evalyated ai the wave number of the excitation.

Another situation of interest is that o the sudden change of the field,
characterized by the condition 2uH/h > ¢2. In this case the coupling
between modes A and B is strong, so that their concept as quasi-normal
modes loses its meaning. In this case, however, the coupling between the
magnon and phonon operators is small, and EQs. (4-2) and (6-4) can be
solved approximately. Again, considering the situation of Fig. 4, we see
that the phonon-magnon conversion efficiency is given by [p(t)|*, where
p(t) isa solution o the equations for pand r which are identical to (6-4).
The analogy with the semiclassical case gives immediately?

nP’" = lp(w)lz = Hcrit/Hcross‘ (6-14)
Finally, we note that Doane?® has integrated semiclassica equations

identical to (6-4) exactly, under the assumption that the magnetic fidd
has a time variation H(t) = H, T §H tanh (az/2). This is a rounded step-

) HO

H,+0H |

t~ -1/ t=0 t~ l/a L

Fig. 5 - Variation of the field with a tanh(xz/2) time dependénce.
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like variation, just of the type necessary to produce the conversion illus-
trated in Fig. 4. In Fig. 5 we show a plot of the time variation assumed.
Doane?! showed that Egs. (6-4) can be transformed into a hypergeometric
equation exactly soluble in this case. For the same situation previoudy
considered, it can be shown that the phonon-magnon conversion efficiency,
defined as the ratio between the magnon momentum at t — oo and the
phonon momentum at t — — oo, is given exactly by

Mom = 1= XD (~ Hepi/ Hopos (6-19)
Fig. 6 showsplots d the phonon-magnon conversion efficiencies expressed

by Egs. (6-12), (6-14) and (6-15), valid respectively for H < H,,;,, H > H,,,
and H ~ tanh («z/2). The condition H <« H_,,, iscalled the strong magnon-

1.0

08 L

06 L

Hpm

04 L

, <«+—— exact solution for tanh (xt/2) variation

0.2

0 L n 1. 1
I 2 3 4 5
Hcriz/Hcmss
Fig. 6 - Phonon-magnon conversion efficiency as a function of the field gradient at the
crossover.
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phonon coupling situation, because in this case there is little transfer o
momentum between the two magnetoel astic normal modes, and therefore
as the frequency passes the crossover there is a large conversion from an
elastic excitation into a magnetic excitation. The opposite situation, where
H > H,,, represents a wesk magnon-phonon coupling, because in this
casethereisalarge transfer d momentum between the two normal modes.

7. Conclusion: Comparison between Quantum and Semiclassical Theories

In the previous sections we have analyzed the behavior of a ferromagnetic
crystal in a time-dependent magnetic field, with respect to the interaction
between its phonon and magnon excitations. In particular we have been
interested in the process whereby an initially phonon excitation is par-
tially converted into @ magnon excitation by means d a proper fied varia
tion. As noted in Sec. 6, the Heisenberg equations of motion for the
creation and annihilation operators are identical to the classical equations
for the variables derived from the magnetization and the elastic displa-
cement vectors. As a result, the calculation of the expectation vaues of
the operators of interest, including the phonon-magnon conversion effici-
ency, by means o quantum mechanica methods, leads to the same
solutions obtained by semiclassical treatments. In this respect, the only
difference between the present treatment and the semiclassical one is that
here the excitations are quantized. However, one advantage o the present
andysis is that the various transformations made to obtain the boson
operators form a natural approach in quantum theory, whereas analogous
transformations made in the classical treatment bear no physical meaning,
and were performed with the sole purpose o smplifying the equations.

There are someaspectsdf the problem, however, which cannot be explained
in semiclassical terms. One o them is the amplification o the zero point
(vacuum) oscillations, which is a source of quantum noise. This effect did
not arise in our study becausein the magnetic Hamiltonian we neglected
the dipolar interaction, which is responsiblefor the coupling between the
longitudinal field variation and the magnetic vacuum'®. Another one is
that of the precision of the measurement of the expectation value of an
observable. To investigate this point, let us consider the situation where
the systemiisinitially in a “pure” phonon state |,»>. Dueto a time varia-
tion of the applied field, the system may end up in a "pur€" magnon state.
As shown in Sec. 6, the conversion efficiency is given by |p|*, and this
result is valid for any initial state which has a nonzero mean momentum.
Tt can be, for instance, a stationary state of the Hamiltonian, or a coherent
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state. The stationary states have zero expectation values for the magne-
tization and the elastic displacement, and thereforethereis no good reason
for studying the precison o their measurements. The coherent states,
on the other hand, are the states most closdly related to the classical pro-
perties o a system. Furthermore, it has been shown!”*® previoudy that
in experiments,a macroscopicexcitation of the system resultsin thecreation
of coherent states. Hence, let us consider that the system is initially in
a coherent phonon state, which is the type expected to be generated by
a piezoelectric transducer in typical ultrasonics experiments. In other
words,
[Yoy =|u. k>, where @ |u, k) =u|u,k.

Before the fidd starts changing in time, the variance of the operator
(a) + ay), which is related to the displacement operator, is given by

A? (@ + a) = (Yo I(ai + @) | ¥od — Yo lai + @y’ =1. (7-1)

From this result, it is possible to show that the product of the variances
of (ai + a) and of its canonical conjugate is given by h?/4, which is the
minimum value allowed by the uncertainty principle. Thisis a wel known
property of coherent states!®. An indication of the time evolution of the
coherence of the system, and consequently o the precison o measure-
ments, is given by the time dependence of the variances of observables.
Using the Heisenberg equations d motion (6-1) and the commuting pro-
perties of the magnon and phonon operators, we find that for an initial
coherent phonon state we have

A2Tai (t) + a ()] =1,
Al +c @) =1

Therefore, a system described by a Hamiltonian o the type (4-1), which
isinitially in a coherent state, maintains its coherence properties regardless
o the time dependence of the field. This result emphasizes the conclusion
that, under the assumptions made in this paper, nothing essentialy new
arises from the quantization of the fields in a magnetoelastic system under
a time dependent magnetic field.

(7-2)

The authors are grateful to Prof. Nicim Zagury for very helpful discussions.
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